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The first diagram by Charles Darwin 
of an evolutionary tree. 
(First notebook on transmutation 
o/species, 1837) 
The tree of life is a twisted, tangled, pulsing entity with roots and branches 
meeting underground and in midair to form eccentric new fruits and hybrids. 
(Lynn Margulis, The Symbiotic Planet, Phoenix, London, 1999. ) 
A reticulated tree, or net, which might 
more appropriately represents life's history. 
(w. Ford Doolittle, Phylogenetic Classification 
and the Universal Tree, Science, 284, 25 June 1999) 
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Abstract 
Although phylogenetic trees provide a useful representation of evolutionary relation-
ships in biology, evolution cannot always be adequately described by the classical 
tree model. With the increasing recognition of the role of reticulation events (such 
as hybridization or lateral gene transfer) in evolution, has come the need for de-
veloping mathematical models and new tools capable of better representing these 
phenomena. 
In this thesis, we develop a graph-based model for representing reticulate evolu-
tion. We define hybrid phylogenies as rooted acyclic digraphs with certain proper-
ties which attempt to capture the essential biological reality, yet be mathematically 
tractable. We identify an important subclass-the regular hybrid phylogenies (these 
are isomorphic to the cover digraph of their associated cluster system)-and show 
that little generality is lost in restricting ourselves to regular hybrids. 
This formalism leads to some interesting mathematical problems, with poten-
tially useful applications. One of the main questions is the following: given two 
rooted binary phylogenetic X -trees I and I', how can these trees be displayed by a 
single hybrid phylogeny with a minimum number h(I, 7') of hybridization events? 
We relate this number to the rooted subtree prune and regraft distance (drspR(I, 7')) 
between I and I'. A crucial role in studying this problem is played by a particular 
type of agreement forest, which we call a good agreement forest. We show that 
drspR(I, I') S mg(I, I') = h(I, I') s IXI - 2, 
where mg(I, I') + 1 denotes the minimum size of a good agreement forest for the 
two trees. 
We describe how the minimum number of hybrid events can be evaluated by 
reducing the problem to smaller trees. If one tree can be obtained from the other 
by an appropriate sequence of rSPR operations (corresponding to a maximum good 
agreement forest), a minimal hybrid can be constructed. 
In the last chapter, we introduce and analyse a simple model based on our hybrid 
setting-the accumulation phylogenies. We believe that this model may provide an 
VI 
alternative technique for reconstructing phylogenetic histories using gene content or 
other types of genomic markers. 
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Chapter 1 
Introduction 
This thesis develops new mathematical techniques and tools to study reticulate 
evolution in biology. Although the examples and motivations discussed come from 
biology, we expect it may provide useful tools for linguistics (for example, for mod-
elling language contact). However, we make no claim to address such questions in 
this thesis. 
1.1 Why reticulate evolution? 
Since Darwin's first sketch of an evolutionary tree (1837), biologists have used trees 
to describe evolutionary relationships between species. However, more recently-
and particularly following the analysis of genetic data-it has become increasingly 
recognized that a network-like pattern is more appropriate to represent phenom-
ena like hybridization in certain plant and fish species and lateral gene transfer in 
bacteria. 
There has been considerable debate in the literature concerning the role of hy-
bridization in evolution. Nearly 20 years ago, Funk wrote [20] 
It is difficult to overemphasize the importance of hybridization and poly-
ploidy in evolution because they are outstanding features of many plant 
groups. 
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Aspects of detecting and representing hybridization in biology have been discussed 
by many authors (for example see [13, 34, 41, 44, 45, 47, 49, 50, 57]). 
In a recent paper [17], Doolitle stressed the importance of reticulate evolution in 
the form of lateral gene transfer for the evolution of bacteria. He wrote that 
Molecular phylogeneticists will have failed to find the iltrue tree)!) not 
because their methods are inadequate or because they have chosen the 
wrong genes) but because the history of life cannot properly be represented 
as a tree. 
Reticulate patterns of relationships can also be found in other situations such as 
the co-evolution of hosts and parasites [43], and historical biogeography [33]. These 
aspects are discussed in [32]. 
Legendre [31] summarized the development of biological concepts regarding retic-
ulate evolution as follows: 
Reticulate patterns of evolution pose a new challenge to evolutionary biol-
ogists who have been trained) after Darwin) to believe that the evolution of 
life could conveniently be summarized and modelled by a branching struc-
ture. The existence of reticulated patterns confronts this belief) with two 
consequences: on the one hand) evolutionary biologists hesitate to study 
the reticulated facet of evolution because they are reluctant to abandon 
the paradigm in which they have been trained; on the other hand) those 
who would like to do so lack an alternative set of tools to represent this 
new facet of life. 
The increasing need for tools and methods to represent reticulate evolution has 
given rise to challenging mathematical and computational problems. However, much 
of the analysis in the biological literature has been somewhat ad-hoc. One such 
approach was described by Legendre and Makarenkov [33] for inferring a reticulation 
network ('reticulogram') from an empirical distance matrix. Starting from a tree, 
one can introduce additional arcs in a heuristic fashion until some stopping criterion 
1.2 Short guide to the thesis 3 
is reached. The method has been applied to examples from biogeography, population 
micro evolution, and hybridization. A similar approach has been taken by Alroy in 
[3] with a method he calls "continuous track analysis" . 
Another approach for describing reticulate events has been to apply existing 
mathematical methods that generate graphs, rather than trees, to biological data. 
Four such methods-pyramids [16], weak hierarchies [4], splitsgraphs [18] and retic-
ulograms were reviewed by Lapointe (2000) and compared on the same data set. 
Lapointe [30] concludes his analysis with the remark that "in spite of interesting 
mathematical properties, the different reticulistic methods will not necessarily pro-
duce biologically meaningful results. Model-based techniques should be developed 
to serve that purpose." 
For representing reticulate evolution, particularly lateral gene transfers, Hallett 
et al. [23, 24, 25] have developed a framework for simultaneous identification of 
duplication and lateral transfer events. A given gene tree T is mapped into a given 
species tree S by a mapping (called a 'dt-scenario') satisfying certain (biologically 
motivated) conditions. 
While this thesis was being written, new mathematical and computational meth-
ods for analysing and representing reticulate evolution were developed [14, 21, 22, 
25, 28, 29, 39, 40, 52]. We describe some of these further in Section 2.3. The em-
phasis in these papers has been mostly algorithmic while this thesis is primarily a 
mathematical approach. 
1.2 Short guide to the thesis 
Following this introductory chapter, there are five chapters, a list of references, a 
list of symbols, and an index for quick referencing. 
In Chapter 2, Preliminaries, we provide some useful graph-theoretic back-
ground, focusing on some concepts from the mathematical foundations of phyloge-
netics. We also discuss an important tool for understanding and representing retic-
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ulate evolution: the rooted subtree prune and regraft operation (rSPR). Section 2.3 
is an overview of some mathematical models for representing reticulate evolution. 
In Chapter 3, Hybrid phylogenies, we introduce our model, a graph-based 
approach for representing reticulate evolution. We define hybrids as rooted acyclic 
digraphs with certain properties which attempt to capture the biological reality. We 
identify an important subclass-the regular hybrid phylogenies (the hybrids that 
are isomorphic to the cover digraph of their associated cluster system)-and show 
that no generality is lost in restricting our model to the regular case. Furthermore, 
regular hybrids are suitable for a temporal representation that more closely reflects 
the biological reality. We introduce the notion of display for hybrids. We show 
that for any collection of rooted phylogenetic trees, there exists a canonical hybrid, 
the cluster union hybrid, that displays each of the trees in the collection, and we 
characterize the hybridization vertices of this hybrid. We show that, provided the 
two trees are sufficiently similar, the cluster union hybrid uniquely determines these 
trees. 
The 'gene trees' for different genes of the same set of species can suggest dif-
ferent evolutionary relationships between species. In such a case, it may be more 
appropriate to describe the evolutionary picture either by a sequence of trees or by a 
hybrid phylogeny. In Chapter 4, Measuring the dissimilarities between trees, 
we address an important question of interest for biologists: given two phylogenetic 
trees I and I' on sets of species that faithfully represent the evolution of different 
parts of species' genomes, how can these trees be displayed by a single hybrid phy-
logeny with a minimum number of hybridization events? Furthermore, how is this 
number related to the distance between the two trees measured by the rSPR metric? 
We introduce three possible measures of hybridization and discuss the relationships 
between them. We show that for a regular hybrid displaying two trees, the number 
of hybrid events can be greatly reduced if other species (not sampled in any of the 
input trees) are permitted. This is biologically motivated since other species (in-
cluding ones that are extinct now) may have been involved in the evolution in the 
past. However, we prove that displaying two phylogenetic X-trees by a hybrid with 
the same set X of leaves is equivalent to displaying trees by a regular hybrid whose 
set of leaves contains X. 
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A crucial role in studying this problem is played by the notion of agreement 
forest. It has been shown in [11] that a maximum agreement forest for I and I' 
corresponds to the rSPR distance between the two trees. We introduce a particular 
type of agreement forest that we call a (maximum) good agreement forest, which 
corresponds to the minimum number of hybrid events required for displaying the 
trees by a hybrid phylogeny. 
Although the difference between the rSPR distance and the hybridization mea-
sure can be large for trees with a large number of leaves, we prove that they are 
equal for small enough trees. Also, we show how a regular hybrid can be constructed 
in the case where one tree is obtained from the other by a single rSPR operation. 
The rSPR distance seems to be a good measure if one is interested in knowing 
how "far apart" two rooted binary phylogenetic trees are. On the other hand, we 
believe that our hybridization measure is more appropriate if one is interested in 
reconstructing a 'minimal' evolutionary history in a consistent way. We address 
this problem in Chapter 5, How to construct a minimal hybrid-an example 
from biology. We describe how we can evaluate the minimum number of hybrid 
events by reducing the problem to smaller trees. Given two trees such that one can 
be obtained from the other by a 'good' sequence of rSPR operations, we show how 
we can construct a minimal hybrid displaying the two trees. We apply our results 
to a biological example. 
Recently, the gene content of species has been used for reconstructing phyloge-
nies (see [54]) by constructing measures of (dis)similarity based on the amount of 
genes shared by two species. In the final chapter, Accumulation phylogenies, 
we formalize and analyse a simple mathematical model for the biological situation 
in which characteristics are passed on to all descendant species. We show that 
the resulting observed sets of characteristics for the species at the leaves uniquely 
determine the digraph that describes the evolution of the species, under certain 
restrictions. Second, we characterize when this digraph is actually a tree. 
The results in Chapters 3,4,5 and 6 are new. Chapter 3 is joint work with Mike 
Steel and Charles Semple. Chapter 6 is joint work with Mike Steel. The part of 
Chapter 4 regarding agreement forests is joint work with Stefan Grunewald, Vincent 
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Moulton and Charles Semple. Unless otherwise stated, all other work in this thesis 
is my own. 
Chapter 2 
Preliminaries 
2.1 Basic concepts and definitions 
First, we overview some basic terminology concerning digraphs. For additional 
background see [4] and [26]. 
A directed graph (or a digraph) D is an ordered pair (\I, A) consisting of a non-
empty set V of vertices and a subset A of V x V of arcs. If a = (u, v) is an arc, then 
u is the tail and v is the head of a. The arc a is said to be directed from u to v. We 
denote the set of vertices and arcs of D by V(D) and A(D), respectively. A graph 
G is the underlying graph of a digraph D if G can be obtained from D by replacing 
each arc with an edge having the same end vertices. 
A directed path of a digraph D = (V, A) is a sequence 
of distinct vertices and arcs such that ai = (Vi-l,Vi), for all i E {l, 2, ... k -l}. If 
Vo = Vk then p is a directed cycle of D. A digraph is acyclic if it has no directed 
cycles. The in-degree (respectively, out-degree) of a vertex v of D, denoted d- (v) 
(respectively, d+ ( v)), is the number of arcs of D whose head (respectively, tail) is v. 
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An acyclic digraph with no underlying parallel edges is rooted if there exists a 
distinguish vertex p, called the root, such that d- (p) = 0 and there exists a directed 
path from p to every vertex of D. Let us observe that, except for p, no other vertex 
has in-degree zero. 
Let D = (V, A) be a rooted digraph. For u, v E V, we write U <D v if there 
exists a directed path in D from u to v, and u ~D v if U <D v or u = v. We say that 
u is an ancestor of v and v is a descendant of u. Note that ~D is a partial order on 
the set of vertices of D. 
Phylogenetic trees provide a convenient representation of evolutionary relation-
ships in biology. Unless otherwise stated, the terminology and notations in this 
thesis follow [48]. 
A phylogenetic X -tree (or a phylogenetic tree on X) 7 is a tree with no degree--
two vertices and every leaf (vertex of degree one) labelled by a bij ective map defined 
on X. If, in addition, every interior vertex (vertex that is not a leaf) of 7 has 
degree three, then 7 is called a binary phylogenetic tree. The set X is called the 
label set of 7 and is denoted by £(7). We can view X as the set of leaves of 7 and 
consequently, denote the leaves of 7 by the elements of X. 
A rooted phylogenetic X -tree is defined in a similar way, except that one interior 
vertex, which has degree at least two, is distinguished and called the root. The 
remaining interior vertices have degree at least three. A rooted triple is a rooted 
binary phylogenetic tree with label set of size three. The tree consisting of a single-
root vertex labelled by the element of a singleton set is also considered a rooted 
binary phylogenetic tree. 
There is a natural bijection between rooted (binary) trees and unrooted (binary) 
trees. Given a rooted (binary) phylogenetic tree 7 and a new leaf p t/:. £(7), adjoin 
p to the root of 7 and construct the unrooted (binary) tree 7' having the same 
underlying graph. The operation is reversible. Given an unrooted (binary) tree 7' 
and p E £(71), delete the leaf p and its incident edge and root the resulting (binary) 
tree at the remaining end-vertex of this edge. This correspondence is illustrated in 
Figure 2.1. The tree Tu is the unrooted tree corresponding to T. 
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p 
T 
Figure 2.1: A rooted binary phylogenetic tree T and the corresponding unrooted 
binary phylogenetic tree. 
A rooted tree can be regarded as a rooted digraph by viewing each edge as an 
arc directed away from the root. Under this interpretation, in a rooted binary tree 
each vertex has out-degree zero (a leaf) or two (interior vertex). 
For any rooted tree T and u, v vertices of T, we will refer to the unique vertex of 
T that is the greatest lower bound of the set {u, v} under the partial order :;'7 as the 
most recent common ancestor of u and v in T, and we will denote it by mrca7{ u, v}. 
In biology, a rooted phylogenetic tree T on X can describe the evolution of the 
set X of extant species that label the leaves of T from a common hypothetical 
ancestral species at p; the interior vertices of T correspond to further hypothetical 
ancestral species or to past speciation events, and mrca7{ u, v} is regarded as the 
most recent shared ancestral species or speciation event. 
Let T be a rooted phylogenetic X -tree and v a vertex of T. Then the set 
c( v) = {x EX: v :;'7 x} 
is the cluster of v and we denote by 
c(T) = {c(v) : v E V(T)} 
the set of clusters of T. The set of clusters c(T) of any rooted phylogenetic X-tree 
is a hierarchy on X, that is, for all A, B E c(T), 
An BE {0,A,B}. 
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{a, b, c, d, e, j, g} 
------- ----{a, b, c, d} {e,j,g} 
{a,;':: \ {e,: \ 
II~ {d} 1\ {g} 
a b c d e j 9 {a} {b} {c} {e} {J} 
Figure 2.2: A rooted phylogenetic tree and the hierarchy of clusters. 
Furthermore, one can easily reconstruct the tree from its set of clusters (see [48]). 
Let T be a phylogenetic X-tree and let X/ be a non-empty subset of X. We 
denote by T(X') the minimal subtree of T that connects the vertices of X'. The 
restriction of T to X', denoted by TIX', is obtained from T(X') by suppressing any 
degree-two vertices. If T is a binary phylogenetic tree, so is TIX'. 
Many results in this thesis are related to an important subtree transfer operation 
used in phylogenetics: the subtree prune and regraft operation (SPR). For this 
reason, the next section is entirely dedicated to the SPR operation. 
2.2 The subtree prune and regraft operation (SPR) 
The subtree prune and regraft operation (SPR) is one of several important tree rear-
rangement operations used in phylogenetics for the reconstruction and comparison 
of phylogenetic trees [55J. Furthermore, the subtree prune and regraft operation is 
useful for modelling the effect of a lateral gene transfer or recombination in genomic 
data sets (see for example [27, 36,40, 52]). 
The SPR operation in the unrooted case has been considered by Allen and Steel 
(2001) in [2J: 
A subtree prune and regraft (SPR) operation on an unrooted binary tree T is 
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defined as cutting any edge and thereby pruning a subtree, t, and then regrafting 
the subtree by the same cut edge to a new vertex obtained by subdividing a pre-
existing edge in 'I - t. A forced contraction 1 is applied in order to maintain the 
binary property of the resulting tree. 
This operation induces a metric on the collection B(n) of binary phylogenetic 
trees with n leaves. Under this metric, the distance between any two binary phylo-
genetic trees is defined as the minimum number of operations required to transform 
one tree to the other. It was shown in [2] that the diameter of this metric space, 
defined as 
diamsPR = max{dspR(T, 'I') : 'I, 'I' E B(n)}, 
is bounded by functions that grow linearly with n. More precisely, 
n/2 - o(n) :::; diamsPRB(n) :::; n - 3. 
The rooted subtree prune and regraft operation (rSPR) can be defined in a 
similar way, but with the restriction that the pruned subtree should not contain the 
root of the tree. We describe this operation next. 
LetT be a rooted binary phylogenetic tree. Let (u, a) be an arc ofT, and c 
a vertex of 'I in the component containing u. A rooted subtree prune and regraft 
operation (rSPR) Ba,e on 'I is defined as cutting the arc (u, a) and thereby pruning 
a subtree, t, and then regrafting the subtree by the same cut arc to a new vertex up 
to c. (See Figures 2.3 and 2.6.) If c is not the root ofT, the new vertex is obtained 
by subdividing the arc ending in c. If c is the root ofT, then a new arc (b, c) is 
added and t is regrafted to b (Figure 2.7). Any resulting degree-two vertices are 
suppressed in order to maintain the binary property ofT'. In the case u is the root 
ofT, the other arc incident with u is contracted. 
The rooted SPR distance between two rooted binary phylogenetic trees 'I and 'I', 
drspR(T, 'I'), is defined as the minimum number of rooted SPR operations required 
to obtain 'I' from T. 
1 A forced contraction is an operation on a tree in which a vertex v of degree two is deleted 
and the two edges incident to v are replaced by a single edge [2]. 
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Figure 2.3: An 'across' rSPR operation on a rooted binary tree. The subtree with 
the root a has been pruned (the arc (u, a) has been cut and u has been suppressed 
from I) and reattached to the new vertex d. The ancestors of v = mrca(a, c) and 
the descendants of u, respectively c are not modified; c( d) = c( a) U c( c), c( u) n c( d) rt. 
{ c( u) , c( d) }. 
It is sometimes unclear in the literature whether regrafting the subtree up to the 
root of the tree is allowed. We think there are two motivations for allowing this case. 
First, if this is not part of the definition, then the rSPR operation is not reversible, 
so it cannot induce a metric on the collection of rooted binary phylogenetic trees. 
Consider for example the two trees I and I' in Figure 2.4. Then I' can be obtained 
from I by a single rSPR operation: the subtree labelled by 4 is pruned and regrafted 
up to 1. If moving up to the root of the tree is not allowed, at least two rSPR 
operations are needed to obtain I from I': for example, the subtree labelled by 2 
is cut and regrafted up to 3, then the subtree labelled by 1 is pruned and reattached 
up to 2. 
Second, observe that the definition we considered is consistent with the definition 
of the operation in the unrooted case. This can be seen as follows. Let I be a 
rooted binary phylogenetic X -tree. Let Tu be the unrooted binary phylogenetic tree 
corresponding to I, obtained by adjoining a new vertex labelled by p rt. X to the root 
of T. To each rSPR on I, corresponds an unrooted SPR operation on Tu with the 
restriction that p is not a vertex of the pruned subtree. On the other hand, a pruned 
2.2 The subtree prune and regraft operation (SPR) 13 
1 2 3 4 1 4 2 3 
T T' 
Figure 2.4: The rSPR operation is reversible. To obtain 7' from 7 the subtree 
labelled by 4 is pruned and moved up to 1. By an inverse operation we can obtain 
7 from T': the subtree labelled by 4 is cut and reattached up to the root of T'. 
subtree of Tu can be regrafted by subdividing the edge incident with p. Note that, 
as a consequence of the restriction regarding the root, drSpR(7,7') =1= dSPR(Tu, I;:,). 
An example is given in Figure 2.5, where 
dSPR(Tu,~) = 1 < 3 = drSpR(7, 7'). 
1 2 3 4 5 5 4 3 2 1 
T T' 
5 1 p 5 
I' u 
p 4 3 2 1 2 3 4 
Figure 2.5: Two rooted binary phylogenetic trees 7 and 7' with drSpR(7,7') = 3 
and dSPR(Tu, I;:,) = 1. The tree I;:, can be obtained from Tu by a single SPR 
operation if the subtree containing p is pruned and regrafted. 
The rSPR operation can also be described by taking into account the clusters 
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Figure 2.6: (i) A 'down' rSPR operation. The subtree with the root a has been 
pruned and reattached to the new vertex d, c(d) C c(u). (ii) An 'up' rSPR opera-
tion; c =I=- pr. The subtree with the root a has been pruned and reattached to the 
new vertex d, c( u) C c( d). 
corresponding to the vertices adjacent to the root of the pruned subtree t in T - t, 
respectively T' - t. There are three possible cases, described in Figures 2.3 and 2.6. 
A similar SPR operation in the rooted case has been considered by Song in 
[51]. Song proved that, in contrast to the unrooted case [2], the size IU(T)I of the 
neighbourhood of a phylogenetic rooted binary tree T depends on the topology of T. 
Also, the diameter of the metric space of rooted binary phylogenetic trees RB(n) 
measured using rSPR distance satisfies similar bounds to those for the unrooted 
case. More precisely, Song proved that 
n/2 - o(n) ~ diamrsPRRB(n) ~ n - 2. 
2.3 Some other (computational) approaches 
to represent reticulate evolution 
a 
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Figure 2.7: An 'up' rSPR operation; c = PT. In order to obtain T' from T, the 
subtree with the root a is regrafted up to the root c of T. The reverse operation, 
from T' to T, is a 'down' rSPR operation; the subtree with the root a is pruned 
(the arc (b, a) is cut) and reattached to the component containing b, and the arc 
(b, c) is deleted. 
Recently, Bordewich and Semple (2004) showed that computing rSPR distance is 
NP-hard [11]. It remains an open problem to determine the complexity of computing 
the unrooted SPR distance. 
2.3 Some other (computational) approaches 
to represent reticulate evolution 
In the last few years, new computational methods have been proposed for represent-
ing reticulate evolution, based on directed graphs. We provide a brief overview of 
these approaches and indicate their relationship to the work presented in this thesis. 
In [40], Nakhleh, Warnow and Linder proposed methods for reconstructing ac-
curate evolutionary history in the presence of reticulation events. Their methods 
are based on the model of "phylogenetic networks". A binary phylogenetic network 
is a directed acyclic graph with exactly one vertex of in-degree zero (the root). The 
other nodes have: in-degree one and out-degree zero (the leaves), or in-degree one 
and out-degree two (tree nodes), or in-degree two and out-degree one (reticulation 
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Figure 2.8: A phylogenetic network (the species network) and its two induced (gene) 
trees, used in [40] to represent hybrid speciation. 
nodes). Tree nodes correspond to regular speciation or extinction events, network 
nodes correspond to reticulation events. The set of edges is partitioned into: tree 
edges (an edge whose head is a tree node), and network edges (an edge whose head 
is a reticulation node). Time constraints are imposed on the nodes of the network, 
such that only nodes that can co-exist in time can be involved in a reticulation 
event. See Figure 2.8. 
Nakhleh et al. [40] consider a particular type of phylogenetic network: the 
"gt-network". A gt-network or galled tree is a phylogenetic network in which the 
cycles are node-disjoint. (The reticulation events are considered "evolutionarily 
independent".) For this special case, Nakleh et al. present a polynomial time 
algorithm for reconstructing a minimal (in terms of the number of reticulation nodes) 
gt-network that induces two given binary trees. 
Galled-trees (see Figure 2.9) were first considered by Wang et al. [56]. Gusfield 
et al. [21,22] formalized and investigated the combinatorial structure of gt-networks 
and gave an efficient algorithm for the following problem: given a set M of binary 
sequences, determine if there is a galled-tree that derives M, and if one exists, 
construct such a network. Galled-trees have also been considered by Jansson and 
Sung in [29] (there referred to as level-l phylogenetic networks), in the problem of 
reconstructing such a network from a given set of rooted triples. 
In comparison to the above methods, the approach taken in this thesis to repre-
sent reticulate evolution is more general as we now describe. 
2.3 Some other (computational) approaches 
to represent reticulate evolution 
d 
c 
a) f 
a 
17 
b c d 
b) 
Figure 2.9: a) A galled tree with two 'galls'. b) A network that is not a galled tree. 
In our digraph-based approach, we consider hybrid phylogenies, a generalization 
of phylogenetic networks and therefore of the much more restrictive gt-networks. 
The only restriction imposed on internal vertices of a hybrid phylogeny refers to 
degree-two vertices: as in the case of rooted phylogenetic trees, no internal vertex 
of degree two is allowed. We then formalize the notion of what it means for a 
hybrid phylogeny to display a rooted phylogenetic tree. In our setting, the root of 
the displayed tree can be different from the root of the hybrid, and the leaf set of 
the tree can be a strict subset of the hybrid leaf set. However, the main difference 
is that we allow non-independent reticulation events; more precisely, we consider 
hybrids with non-disjoint cycles and show how such a minimal hybrid that displays 
two given trees can be constructed. 
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Chapter 3 
Hybrid phylogenies 
In this chapter, we introduce our graph-based model for representing reticulate evo-
lution. We formally describe hybrid phylogenies as rooted acyclic digraphs satisfying 
certain constraints and identify an important subclass that will play an important 
role in our framework-the regular hybrids. As we will show later, regular hybrid 
phylogenies are a natural generalization of rooted phylogenetic trees. 
We introduce the notion of display for hybrids. We present a graph-theoretic 
characterization of regular hybrids and use this to prove that, for any hybrid 'H, 
there is always a regular hybrid that displays 'H and has the same number of hybrid 
events. 
If 'H and 'H' are two rooted phylogenetic trees, then this definition of display 
coincides with the usual notion for rooted phylogenetic trees. However, some of the 
results that hold for trees do not hold in the hybrid setting. 
We also consider the particular case of a canonical regular hybrid that displays 
two rooted phylogenetic trees-the cluster union hybrid. We define the incompati-
bility graph for a pair of trees and use this concept to show that the cluster union 
hybrid uniquely determines the trees in the particular case when the trees are a 
single rSPR apart. 
Related mathematical questions are investigated. 
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3.1 Basic definitions 
In this section we introduce some basic definitions and notations. 
Let X be a finite nonempty set. Let V = (V, A) be a rooted acyclic digraph and 
'Ij; a bijective map from X into the set of vertices of V with out-degree 0, such that 
for all v E V - 'Ij;(X) , d+(v) > 1 whenever d-(v) :s; 1. We say that the ordered 
pair H = (V, 'Ij;) is a hybrid phylogeny on X or, simply, a hybrid. The set X 
is called the label set of H. The unique vertex of in-degree 0 is called the root, 
the vertices of in-degree at least two are called hybridization vertices, and the 
vertices of out-degree 0 the leaves of H. Sometimes we will denote the set 'Ij;(X) of 
leaves by £(H). We will often draw the hybrids with their arcs directed downwards, 
and so omit the arrowheads. 
p 
Figure 3.1: A hybrid phylogeny H with five leaves and seven hybridization vertices. 
h(H) = 10. 
For a hybrid phylogeny H on X, let 
h(H) = L(d-(v) - 1) 
vofp 
be the hybridization number of H. 
Viewing a hybrid phylogeny as representing the evolutionary history of a col-
lection of present-day species, the hybridization number quantifies the number of 
associated hybridization events. 
Note that h(H) 2:: 0, and h(H) = IAI - IVI + 1.1 We can observe that rooted 
1 This is the cyclomatic number of the underlying graph of 1{ (see [5]). 
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phylogenetic trees are special types of hybrid phylogenies. More precisely, a hybrid 
phylogeny'H is a rooted phylogenetic tree if and only if h('H) = O. 
Two hybrid phylogenies on X, 'H = (V,'l/J) and 'H' = (V','l/J'), are said to be 
isomorphic if there is a digraph isomorphism 7r : V --+ V' with 'l/J' = 7r 0 'l/J. We 
write 'H ~ 'H' if 'H is isomorphic to 'H'. 
a b c d d' b' a' c' a c b d 
H = ((V, A);~) H' = ((V', A'); ~') H" = ((V,A");~) 
Figure 3.2: The hybrids 'H and 'H' are isomorphic. 
If 'H = (V, 'l/J) is a hybrid on X and 7r is an isomorphism between the digraphs V 
and V', then there exists a hybrid phylogeny 'H' on X whose corresponding digraph 
is V' and such that 'H' is isomorphic to 'H. Furthermore 'H' is unique up to a 
digraph isomorphism. In Figure 3.2, the hybrids 'H and 'H' are isomorphic, but 'H 
is not isomorphic with 'H", although (V, A) and (V, A") are isomorphic digraphs. 
However, 'H is isomorphic with the hybrid ((V, A"), ¢ ): The maps 'l/J, 'l/J' , ¢ are 
defined in the following table. 
X 1 2 3 4 
'l/J a b c d 
'l/J' a' b' c' d' 
¢ a c b d 
3.2 Cluster systems and hybrid phylogenies 
Let X be a non empty finite set. A collection C of nonempty subsets of X is a cluster 
system on X if X E C and {x} E C for all x EX. We denote by 
Xtriv = {X} U {{x} : x EX} 
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the set of trivial clusters of X, and we call a cluster 0 non-trivial if 0 ~ X triv . 
Let H = ('D, 'Ij;) be a hybrid phylogeny on X with the vertex set V. Then a 
cluster system on X can be associated with H in a canonical way. For v E V, 
denote by 
c(v) = {x EX: v ~D 'Ij;(x)} 
the cluster corresponding to v. Note that c(p) = X, c(v) #- 0 for all v E V, 
c( 'Ij; (x)) = {x} for all x EX, and c( VI) ~ c( V2) whenever V2 ~D VI. The collection 
c(H) = {c(v) : v E V} 
is a cluster system on X, the set of clusters of H. 
Conversely, given a cluster system C on X, there is a natural way to obtain a 
hybrid on X, having C as its set of clusters. Let C be a cluster system on X, and 
consider the Hasse diagram2 of C with respect to the partial order relation ~; that is, 
the digraph whose vertex set is C and for all 0 1 , O2 E C, (01 , O2 ) is an arc precisely 
if O2 c 0 1 and there is no 0 E C with O2 c 0 COl ' Define a map 'Ij; : X -+ C 
by 'Ij;(x) = {x} for all x E X, and let H(C) = ((C,A),'Ij;), where A is the set of arcs 
described above. Then H(C) is a hybrid phylogeny on X, called the cover hybrid 
of C. 
Lemma 3.2.1. Let C be a cluster system on X and H(C) be the cover hybrid ofC. 
(i) If 0, Of E C then Of cOif and only if there is a directed path in H(C) from 
o to Of. 
(ii) c(H(C)) = C. 
Proof. (i) Assume that Of C 0 and consider a maximal chain 
where Oi E C. Then (On, On-I), ... , (02 , 0 1 ) provides the required directed path in 
H(C) from 0 to Of. The converse implication follows from the definition of H(C) 
and the transitivity of inclusion. 
2 This is called the cover digraph in [48]. 
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(ii) We will prove that c( A) = A for all A in C. Clearly, c( { x }) = {x} for each 
x EX. Assume now that A has at least two elements. In this case x E c(A) if and 
only if there is a path from A to x and, according to part (i), this is equivalent to 
{x} c A. Therefore the conditions x E c(A) and x E A are equivalent. D 
{l} 
{1,2,3,4} 
{2} 
H(C) 
{3} {4} 
Figure 3.3: The cover hybrid associated to the cluster system C 
{{1},{2},{3},{4},{3,4},{1,2,3},{2,3,4},{1,2,3,4}}. 
3.3 Regular hybrids 
According to Lemma 3.2.1 , given a set of clusters C of X, the cover hybrid of C has 
the cluster set C. As a consequence, H(C) and the cover hybrid of c(H(C)) coincide. 
In contrast to this result, if we start with an arbitrary hybrid H and then construct 
the cover hybrid of c(H), the latter hybrid is not necessarily isomorphic to the initial 
one. However, we will see that hybrids satisfying this property playa crucial role in 
our theory. 
Let H be a hybrid phylogeny with the cluster set C. We say that H is regular 
if the map v f---+ c( v), from the vertex set of H to the vertex set of H (c(H)), induces 
an isomorphism between Hand H(c(H)). For example, every rooted phylogenetic 
tree is a regular hybrid. 
From the definition, it follows that in a regular hybrid phylogeny H on X, the 
clusters associated to the vertices are all distinct, and are strictly nested along 
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{l} {2} {3} {4} 
H(C(1il)) 
{l} {2} {3} {4} 
H(C(1i2)) 
Figure 3.4: A regular hybrid 'HI and a hybrid 'H2 that is not regular. 
any directed path. Consequently, the longest directed path in any regular hybrid 
phylogeny on X has at most IXI vertices. Also, a regular hybrid phylogeny has no 
vertices of out-degree 1. 
Two isomorphic hybrids on X have the same cluster set. In general, the converse 
is not true. Indeed, it is sufficient to consider a non-regular hybrid 'H. Then'H and 
H(c('H)) have the same set of clusters but they are not isomorphic. However, two 
regular hybrids with the same cluster set are isomorphic. 
Proposition 3.3.1. Two regular hybrid phylogenies on X are isomorphic if and 
only if they have the same set of clusters. 
Proof. Clearly, C('HI) = C('H2) whenever 'HI ~ 'H2. Conversely, suppose that 'HI and 
'H2 are two regular hybrid phylogenies with C('HI) = C('H2) = C. From the definition 
of regularity, it follows that 'HI ~ H(C) ~ 'H2 . D 
The last result enables us to identify two isomorphic regular hybrid phylogenies 
on X. Furthermore, in this case, we may assume without loss of generality that 
X = £('H). 
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Having identified the isomorphic hybrids on X, let Reg(X) be the family ofthe 
regular hybrid phylogenies on X and define the mapping d by 
where 6. denotes the symmetric difference of two sets. 3 It follows from Proposition 
3.3.1 that d is a metric on Reg(X).4 
The following proposition provides a useful graph-theoretic characterization of 
regular hybrids. 
Proposition 3.3.2. Let H be a hybrid phylogeny. Then H is regular if and only if 
'\IV1, V2 E V (H), Vl =1= V2, the following conditions hold. 
(R3) If there exist two distinct directed paths connecting Vl and V2, neither of them 
is an arc. 
Proof. If H is regular then conditions (Rl)-(R3) are clearly satisfied. Now, suppose 
that H is a hybrid phylogeny verifying (Rl)-(R3)' Let C = c(H). Since H satisfies 
(R1), the map v 1--+ c(v) from V(H) to C is bijective. We show that this map induces 
an isomorphism from H to the cover hybrid H(C). 
Let (Vb V2) be an arc of H. Then c( V2) C c( Vl) and from the definition of H ( C ) it 
follows that there is a directed path in H(C) from C(Vl) to C(V2)' Assuming that this 
path does not consist of a single arc, then there exists a vertex c( u) in H (C) such 
that C(V2) C c(u) C C(Vl). The condition (R2 ) entails the existence of a directed 
path in H from Vl to V2 that contains u. Then there exist two directed paths from Vl 
to V2, one of which consists of a single arc. This contradicts the fact that H satisfies 
condition (R3)' Hence (C(Vl), C(V2)) is an arc of H(C). 
3 The symmetric difference of sets A and B, denoted ALB, is the set (A - B) u (B - A). 
4 This metric, when restricted to rooted phylogenetic X -trees, is the well-known 'Robinson-
Foulds'metric [46]. 
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Now assume that (C(VI), C(V2)) is an arc of H(C). Then C(V2) C C(VI) and, as H 
satisfies (R2), there is a directed path in H from VI to V2. This path must consist 
of a single arc. Assuming the contrary, it follows that there exists a vertex u on 
this path, distinct from the vertices VI and V2' Then C(V2) C c(u) C C(VI), therefore 
(C( VI), C( V2)) is not an arc of H, a contradiction. D 
Figure 3.5: Three hybrids to prove that the conditions (RI)-(R3) in Proposition 
3.3.2 are independent. 
Note that the conditions (Rd-(R3) in Proposition 3.3.2 are independent. To 
prove this let us consider the three hybrids in Figure 3.5. The hybrid HI satisfies 
(RI) and (R3) but not (R2)' The hybrid H2 satisfies (RI) and (R2) but not (R3). 
The hybrid H3 satisfies (R2) and (R3) but not (RI). 
Given a hybrid H, let us consider now the map C from V(H) to c(H) that assigns 
to each vertex V its corresponding cluster c( V ). Clearly, c is one-to-one if and only 
if it satisfies condition (RI ) in Proposition 3.3.2. Moreover, if we consider V(H) 
and c(H) as partially ordered sets with respect to the relations ~1{, (respectively, 
~), condition (RI ) shows that C is a strictly increasing function. If, in addition, H 
satisfies (R2), then C is an order isomorphism between V(H) and c(H). 
A hybrid H that satisfies the conditions (R I ) and (R2 ) will be called almost 
regular. We denote by A(X) the family of the almost regular hybrids on X. Given 
an almost regular hybrid, we can obtain a regular hybrid in a canonical way. 
Proposition 3.3.3. Let H = (V, <p) be an almost regular hybrid phylogeny on X 
and A the set consisting of all arcs (u, v) such that there is a path p from u to v with 
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p =1= (u, v). If V'is the digraph obtained from V by deleting all the arcs of A then 
H' = (V', <p) is a regular hybrid on X. 
Proof. Let (u, v) be an arc of A. Clearly, the digraph obtained from V by deleting 
(u, v) is rooted and acyclic. We prove that it also satisfies the condition d+ (y) > 1 
for all non-leaf vertices with d- (y) :::; l. It suffices to examine the vertices u and 
v. Since (u, v) E A it follows that there exists a vertex w, adjacent to u, that 
lies in a path from u to v. The hybrid H is almost regular, so c( w) C c( u) and, 
therefore there exists another arc (u, z) with z ~ {v, w}. Consequently, H' is a 
hybrid phylogeny on X. 
It is straightforward to observe that conditions (R I ) and (R2 ) are preserved and 
H' also satisfies the condition (R3)' D 
The remainder of this section will be dedicated to some combinatorial results. 
First, let us calculate the number of non-isomorphic hybrid phylogenies on a given 
set X. Clearly, if IXI = 1, there is only one way to construct a hybrid on X: 
the trivial graph whose root and single leaf coincide. When X has at least two 
elements, there are infinitely many non-isomorphic hybrids on X. Furthermore, for 
each nonnegative integer k we can find at least one hybrid phylogeny on X, having 
exactly k hybrid events. To prove this, for each n ~ 2 and k ~ 0, let us consider the 
rooted digraph V = (V, A) (Figure 3.6), where V = {Xl, X2, ... , X n , Vo, VI,.··, Vk}, 
and A = {( Vk, Xi) : 1 :::; i :::; n} U {( Vj-l, Vj) : 1 :::; j :::; k} U {( Vj, Xl) : ° :::; j :::; k - 1}. 
, 
" Vk-l 
Figure 3.6: A hybrid phylogeny with n leaves and k hybrid events. 
If we are restricted to the regular case, Proposition 3.3.1 ensures that the number 
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of hybrids on X that are mutually non-isomorphic equals the number of cluster 
systems on X. 
Corollary 3.3.4. For each integer n ;::: 2} there are exactly 22n - n - 2 non-isomorphic 
regular hybrids with n leaves. 
Proof. Each cluster system on X can be obtained by adding to X triv any subset, 
possibly empty, of 2x - (Xtriv U {0}}. If IXI = n ;::: 2, then there are 22n - n - 2 
elements in 2x - (Xtriv U {0}}. Therefore this set has exactly 22n - n - 2 subsets. D 
The following lemma shows that any hybrid phylogeny on X with a small hy-
bridization number cannot be too large. 
Lemma 3.3.5. Let 7-{ = ((V, A), 'ljJ) be a hybrid phylogeny on X. Then 
h(7-{) ;::: ~(IVI + 1) -IXI· 
If in addition 7-{ is regular} then we have: 
h(7-{) ;::: IVI- 21XI + 1. 
Proof. Let Vi = {v E 'ljJ(X) : d-(v) = 1}, \12 = {v E V - 'ljJ(X) : d-(v) = 1}, 
113 = {v E 'ljJ(X) : d-(v) > 1}, and 114 = {v E V - 'ljJ(X) : d-(v) > 1}. Then 
d+(v) = 0 for any v E Vi U 113, and d+(v) ;::: 2 for any v E \12. It follows that 
IAI = L d+(v) ;::: 2 + 21\121 + 1V41 
VEV 
and 
IAI = L d-(v) ;::: IViI + 1V21 + 211131 + 211141· 
vEV 
Adding these two inequalities, and noting that IViI + 1\121 + 11131 + 11141 = IVI - 1 
and IViI + 11131 = lXI, we obtain IAI ;::: ~(31V1 - 1 - 21XI + 11131), and so, since 
h(7-{) = IAI -IVI + 1 and 11131 ;::: 0 we obtain 
3 1 
h(7-{) ;::: 1 + 2(1V1 - 1) -IXI-IVI + 1 = 2(IVI + 1) - IXI· 
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If 'H is regular, then d+ ( v) 2:: 2, for each v E V - 'Ij; (X). It follows that 
IAI = L d+(v) 2:: 2(IVI-IXI) 
vEV 
and 
h('H) = IAI -IVI + 1 2:: 21V1 - 21XI- IVI + 1 = IVI- 21XI + 1. 
D 
As we have already seen, the number of hybrid events that occur at a vertex 
(that is, the in-degree of that vertex) could be indefinitely large. However, in the 
regular case there is an upper bound of this number. We will prove this by using a 
well-known result in combinatorics, the Sperner's Theorem (see [15]). 
A family :F of sets is called a Bpemer family if no member of:F properly contains 
any other, that is, 
A, B E :F =} A ct Band B ct A. 
Sperner's Theorem. Let:F be a Bpemer family of subsets of the n-element set X. 
Then 
Moreover) the equality holds if and only if:F consists either of all subsets of X of 
size L~ J) or all subsets of size r~ 1 (these are the same if n is even). 
Proposition 3.3.6. If'H is a regular hybrid on X with IXI = n) then each vertex 
v of'H satisfies the condition: 
(3.1) 
Proof. Let 'H be a regular hybrid phylogeny with n leaves. Let v be a vertex of 
'H. We may assume without loss of generality that X = {1, 2, ... ,n} and c( v) = 
{1, 2, ... , k}. If d-(v) = 0 we have nothing to prove. Suppose now that d-(v) = 
p 2:: 1 and let Ul, U2, ... ,up be the direct ancestors of v in 'H. Since'H is regular, for 
each i E {1, 2, ... ,p} there exists Si such that 
0-1- Bi ~ {k + 1, k + 2, ... ,n}, 
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and 
Furthermore, the collection 
F = {Si : i E {1, 2, ... ,pH 
is a Sperner family of subsets of the (n - k)-element set {k + 1, k + 2, ... ,n}. The 
conclusion now follows from Sperner's Theorem. 0 
If 'H and v are as in Proposition 3.3.6, let us denote by 
n-k C1 = {O ~ 2x : c(v) ~ 0, 101 = l-2-J}, 
and by 
n-k 
C2 = {O ~ 2x : c(v) ~ 0, 101 = f-2-l}· 
Then it is easily seen that d-(v) = (L:';;:ZJ) if and only ifthe set 
{ c( u) : u is a direct ancestor of v} 
equals either C1 or C2 . 
As a consequence of Proposition 3.3.6 , given the number of leaves of 'H, we can 
obtain an upper bound of h('H). On the other hand, we can find regular hybrids 
with n leaves and more than 2n hybrid events. 
Proposition 3.3.7. Let X = {1, 2, ... ,n} and let 'Hx be the regular hybrid with 
the cluster set C = P(X) - {0}. Then 
h('Hx) = (2n - 1 - l)(n - 2). 
Proof. First, let us observe that the number of vertices of 'Hx is IV ('Hx) I = 2n - 1. 
Then, each vertex v with Ic( v) I = k ;::: 2 has k outgoing arcs. Since there are (~) 
such vertices, it follows that the number of arcs of 'Hx is 
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Therefore 
h(1-lx) = IA(1-lx)I-IV(1-lx)1 + 1 = (2n - 1 -1)(n - 2). 
o 
Corollary 3.3.8. For n ~ 7 there exists a regular hybrid 1-l with n leaves such that 
h(1-l) ~ (2n - 1 - 1)(n - 2). 
Proof. Let X = {1, 2, ... ,n} and let k ~ 2. Let 1-l be the regular hybrid with the 
cluster set C = P(X) - {0} - {A eX: IAI = k}. This is equivalent to considering 
the regular hybrid 1-lx as in Proposition 3.3.7, deleting the vertices corresponding 
to the clusters of cardinality k and the incident arcs, then, in order to maintain 
regularity, adding new arcs from vertices corresponding to clusters of size k + 1 to 
the vertices whose associated clusters have size k - 1. It is easily seen that the 
number of deleted arcs is n(~) and the number of added arcs is (k:l) (n-(;-l»). It 
follows that 
(n) (n) (n) (n - (k - 1)) h(1-l) = h(1-lx) + k - n k + k - 1 2 . 
Denote by 
cn,k = (1- n) (~) + (k: 1) (n - (~- 1)). 
Then note that h(1-l) = h(1-lx) + cn,k and c2p,p > 0 if p ~ 4 and c2p+l,p ~ 0 if p ~ 3. 
The conclusion now follows. 0 
3.4 Displaying hybrids 
For phylogenetic trees, the mathematical notion of 'display' captures the concept 
of preserving ancestral relationships between species and it is fundamental in phy-
logenetics. 
Let X be a subset of X'. A rooted phylogenetic X'-tree I' displays a rooted 
phylogenetic X -tree I if T'IX is a refinement of I, that is I can be obtained from 
I'IX by contracting internal edges. If both I and T' are rooted binary phylogenetic 
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trees then the above condition is equivalent to T/IX = T. The notions ofrefinement 
and displaying can be extended in a natural way from trees to hybrids. 
Let Hand H' be two hybrid phylogenies on the same leaf set. We say that H 
is a refinement of H' if H' can be obtained from H by contracting internal arcs. 
Let H be a hybrid on X and H' be a hybrid on X'. We say that H displays H' if 
X/ ~ X and a rooted sub digraph of H is a refinement of H'. 
1 2 3 4 1 3 2 4 
1 2 3 4 1 2 3 4 1 2 3 4 
113 
Figure 3.7: Regular hybrids 
If H' is a rooted phylogenetic X/-tree, then H displays H' if and only if by 
deleting certain arcs in H and suppressing the obtained isolated and out-degree one 
vertices, a refinement of the given tree is obtained. For example, in Figure 3.7, Hl 
and H2 display both 'Ii and I2. The hybrid H3 does not display either 'Ii or I2. 
If Hand H' are rooted phylogenetic trees, then the definition of display coincides 
with the usual definition of display for phylogenetic trees. However, some of the 
results that hold for rooted phylogenetic trees are not true in the case of hybrids. 
Let T and T' be two rooted phylogenetic X -trees. Then T' displays T if and 
only if c(T) ~ c(T'). The analogous result for two regular hybrids does not hold. 
For example, in Fig.3.7, H2 displays 'Ii but c('Ii) is not a subset of C(H2)' In the 
same figure, C(H2) ~ C(H3), but H3 does not display H2 (H3 is not a refinement 
of H 2 ). 
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Proposition 3.4.1. Let T be a rooted phylogenetic X -tree and let H be a regular 
hybrid on X' that displays T. Then there exists a map <p : c(T) -t c(H) with the 
following properties: 
(i) For each element x of X, <p({x}) = {x}. 
(ii) For all A, B E C(T) with A c B, <p(A) c <p(B). 
(iii) Each cluster A ofT satisfies the condition A S;;;; <p(A). In particular, if X = X' 
then <p(X) = X. 
(iv) Suppose that X' = X. If A and X -A E c(T), then neither <p(A) S;;;; <p(X -A) 
nor <p(X - A) S;;;; <p(A). 
Proof. If H displays T, there exists a rooted sub digraph T' of H that is a refinement 
of T. Let <Pl : V(T) -t V(T') be the one-to-one map defined by <Pl(V) = v' such 
that c(v) = c(v') and d+(v') 2: 2 if v is a non-leaf vertex and d(v') = 1 if v is a leaf 
vertex. Then <Pl is well-defined. Since T' is a sub digraph of H, each vertex of T' 
is a vertex of H. Now let <p : c(T) -t c(H) be the map defined by setting <p(A) to 
be the cluster of H whose associated vertex is the vertex of T' that is assigned the 
vertex of T corresponding to A under <Pl. 
By construction, <p verifies (i). Furthermore, if A and B are clusters of T, and 
A C B, since T' is a rooted sub digraph of H, the vertex corresponding to <p(A) is a 
descendant of the vertex corresponding to <p(B). As H is regular, this implies that 
<p(A) C <p(B), therefore <p satisfies (ii). 
Part (iii) follows from (i) and (ii). Indeed, let A E c(T); then for all x E A, 
{x} C A hence {x} = <p({x}) C <p(A). Therefore A S;;;; <p(A). 
Now, part (iv) is a consequence of (iii). Suppose that X' = X and A,X - A E 
c(T) such that <p(A) S;;;; <p(X - A). Then 
X = A U (X - A) S;;;; <p(A) U <p(X - A) = <p(X - A) S;;;; X 
so <p(X - A) = X, a contradiction. D 
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Figure 3.8: The tree 7 is displayed by 1{ but not by 1{'. 
Note that conditions (i) and (ii) are not sufficient for ensuring that a hybrid 
displays a tree. For the tree 7 and the hybrid 1{' drawn in Figure 3.8, define 
cp : c(7) -t c(1{/) by 
{1,2} 
{4,5} 
{3,4,5} 
-t {1,2} 
-t {3,4,5} 
-t {2,3,4,5} 
Then the map cp has the properties (i)-(ii) but 1{' does not display 7. 
Lemma 3.4.2. Let 7 be a rooted phylogenetic tree and let 1{ be a hybrid that displays 
7. Then 1{ displays 71U, for all subsets U of £(7). 
Proof. Since 1{ displays 7 there exists a rooted sub digraph 7/ of 1{ that is a re-
finement of 7. The minimal rooted subtree of 7/ that connects the elements in U 
is a rooted subdigraph of 1{ and also, it is a refinement of 71U. It follows that 1{ 
displays 71U. 0 
The converse of Lemma 3.4.2 is not true as the following proposition shows. 
Proposition 3.4.3. Let X = {I, 2, ... , n}, n ~ 3. There exist a rooted binary 
phylogenetic X -tree 7 and a regular hybrid phylogeny 1{ on X such that 1{ displays 
71U, 'l/U c X with lUI = k, 2 :::; k :::; n - 1, but 1{ does not display 7. 
Proof. Let 7 be the rooted caterpillar with n leaves. Let 1{ be the regular hybrid 
phylogeny with the set of clusters C(1{) = {X} U {G eX: IGI :::; n - 2}. 0 
5 
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Note that for the example in Proposition 3.4.3 we cannot define an order mor-
phism <p : c(T) --+ c(H). 
Rooted phylogenetic trees are defined by their rooted triples (see [48]). For 
regular hybrids this is not the case, as the example in Figure 3.9 shows. 
1 2 3 4 1 2 3 4 
T 
Figure 3.9: The hybrid H displays every rooted triple of T but does not display T. 
Let us examine now the property: H displays H(c(H)). Although it is much less 
restrictive than the regularity condition H ~ H(c(H)), it is not satisfied in general. 
A counterexample is given in Figure 3.10. 
1 2 3 
H 
4 1 2 3 
H(c(H)) 
4 
Figure 3.10: A hybrid H that does not display H(c(H)). 
We say that the hybrid H is semi-regular if all the vertices Vi and V2 satisfy 
the condition (R2): 
Denote by S(X) the collection of all semi-regular hybrids on X. 
Proposition 3.4.4. IfH is semi-regular, then H displays H(c(H)). 
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Proof. Let (A, B) be an arc of H(c('H)). Then B c A. It follows that there exist U 
and v in V('H) such that c(u) = A and c(v) = B. The semi-regularity of'H ensures 
that there exists a path in 'H from u to v. If this path contains another vertex w of 
'H, then either c(w) = c(u) or c(w) = c(v). Let p = Uo, Ul, ... , Uk, Vo be a path in 'H 
such that c(uo) = A and Uo is minimal with this property, c(vo) = B, and C(Ui) = A 
for all i E {l, ... ,k}. Consider now the subdigraph of'H induced by the vertices 
of the paths p, corresponding to the arcs of H(c('H)). It follows that this digraph 
is a rooted sub digraph of'H and is also a refinement of H(c('H)). Then'H displays 
H(c('H)). D 
The example in Figure 3.11 shows us that semi-regularity is not a necessary 
condition for 'H to display H(c('H)). 
1 2 3 
1i 
4 1 2 3 
H(c(1i)) 
4 
Figure 3.11: The hybrid 'H displays H(c('H)) but does not have the property (R2)' 
To end this section, let us observe that we have the following hierarchy, with all 
of the inclusions being strict: 
T(X) c Reg(X) c A(X) c S(X) c {'H : 'H displays H(c('H))} C 'H(X). 
3.5 From non-regular to regular hybrids 
Although regular hybrids are a special type of hybrid phylogenies, we show that 
for any hybrid 'H, there exists a regular hybrid that displays 'H and has the same 
hybridization number. We describe now how such a hybrid can be obtained. 
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Figure 3.12: Performing operations (i)-(iii). 
Let 1{ be a hybrid phylogeny. For all distinct vertices VI and V2 of 1{, consider 
the following sequence of operations. 
(i) If C(VI) = C(V2), then, for each i E {1, 2}, adjoin a new vertex to Vi via a new 
arc, and assign the new leaf vertex a new label. 
(ii) If c( V2) C c( VI) but there is no directed path from VI to V2, then adj oin a new 
leaf vertex to V2 via a new arc and assign the new leaf vertex a new label. 
(iii) If there exist two distinct directed paths from VI to V2, one of which is an arc, 
then subdivide this arc with a single vertex and adjoin a new leaf vertex to the 
subdividing vertex via a new arc, and assign the new leaf vertex a new label. 
Proposition 3.5.1. Let 1{ be a hybrid phylogeny and 1{' a hybrid obtained from H 
by applying operations (i)-(iii) above. Then 
(a) 1{' is regular. 
(b) h(1{) = h(1{I). 
(c) Any hybrid displayed by 1{ is also displayed by 1{'. 
Proof. (a) To prove that 1{' is regular, we will show that the conditions (RI)-(R3) 
in Proposition 3.3.2 are satisfied. As each new leaf is assigned a new label, it follows 
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Figure 3.13: A non-regular hybrid phylogeny H and a regular hybrid obtained from 
H by performing operations (i)-(iii). 
that for all distinct VI, V2 E V(H'), C(VI) =1= C(V2)' Because of (ii) in the construction, 
there always exists a directed path from VI to V2 whenever C(V2) C C(VI)' Also, from 
(iii) in the construction, there are no two distinct directed paths connecting VI and 
V2, one of which is an arc. The in-degree of the vertices of H do not change under 
the construction and each new vertex has in-degree one. It follows that (b) and (c) 
hold. 0 
We end this section by noting that regular hybrids are suitable for a 'temporal 
representation' in a sense that we will define next. 
Let H be a hybrid phylogeny. We say that H has a temporal representation 
if there exists a map f : V(H) --t {a, 1, 2, ... } with the following properties: 
(i) For any vertex V of H with d-( v) = 1 and the arc (u, v) of H, f( u) < f( v). 
(ii) For any vertex V of H with d-(v) ;?: 2, and for all arcs (Ui' v) of H (i E 
{1, 2, ... , d- ( v )} ), f ( Ui) = f ( v ) . 
Note that a map which satisfies condition f( u) < f( v) for all arcs (u, v) of H 
induces an acycling ordering on H and can be defined on any acyclic digraph (see 
[4]). 
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Figure 3.14: Two regular hybrids: H2 has a temporal representation; Hl does not. 
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Figure 3.15: A regular hybrid that has a temporal representation, displays Hl and 
has the same number of hybrid events. 
Proposition 3.5.2. For any hybrid phylogeny H there exists a regular hybrid phy-
logeny H' with a temporal representation that displays HI and such that h(H) = 
h(H'). 
Proof. First, let us observe that without loss of generality, we may assume that H is 
a regular hybrid. Then define an acyclic ordering f on H. Construct a new hybrid 
H' in the following way: for each vertex v of in-degree greater or equal to two, and 
for each arc ai = (Ui, v) of H, i E {I, ... , d-(v)}, subdivide the arc ai by a new 
vertex Wi, and adjoin a new leaf li via a new arc (Wi, lJ Then H' is regular, displays 
Hand h(H) = h(H'). Define] : V(H') -+ {a, 1, ... } that extends f and such that 
](Wi) = ](v) and ](li) > ](v). The map] is a temporal representation for H'. 0 
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3.6 The cluster union hybrid 
In this section we will investigate the displaying of a tree by a regular hybrid. We 
will show that, for any collection P of rooted phylogenetic trees there is a canonical 
regular hybrid that displays each of the trees in P, the cluster union hybrid. The 
particular case when P consists of two trees is considered. 
Let Ji = ((V, A), 1}!) be a regular hybrid phylogeny on X. If v is a vertex of Ji 
and V' = {w E V(Ji) : c(w) ~ c(v)}, then the subgraph generated by V' together 
with 1}!lc(v) defines a regular hybrid on c(v). We will denote this hybrid by Jilc(v). 
Note that, for each v E V(Ji), Ji displays Jilc(v). 
Lemma 3.6.1. Let Ji be a regular hybrid phylogeny on X and T be a rooted phylo-
genetic X -tree. If c(T) ~ c(Ji) then Ji displays T. 
Proof. The proof is by induction on the height of the tree. Clearly, the statement 
is true if the height of the tree is l. Now assume that the proposition holds for any 
regular hybrid phylogeny and any rooted tree where the height of the latter is at 
most n. Let T be a tree of height n + 1 and denote by p and pi the roots of T and 
Ji, respectively. We have c(p) = C(p') = X. Let VI, V2, . .. vp be the vertices of T 
that are immediate descendants of p and, for each i E {l, 2, ... ,p}, denote by A 
the cluster of T corresponding to Vi. Then {A : 1 :; i :; p} is a partition of X. 
Since c(T) ~ c(Ji) it follows that, for each i, there exists a vertex Ui of Ji with 
c( Ui) = A. Let Ji i be the regular hybrid whose set of clusters consists of the subsets 
of Ai that are clusters of Ji and let Ii be the rooted phylogenetic tree obtained 
by restricting T to A. Since {AI, A2 , ... Ap} partitions X, it follows that for every 
vertex w that is a descendant of one of the vertices Ul, U2, ... up, there exists a unique 
j, 1 :; j :; p, with c( w) ~ A j . Thus Jii is the restriction of Ji to A, so it is regular. 
Furthermore, since c(T) ~ c(Ji) , it follows that c(Ii) ~ c(Jii ) for all i. As the height 
of Ii is n, by the induction assumption it follows that Jii displays Ii. To prove that 
Ji displays T, let us observe that for all pairs i =1= j, there is no directed path from 
Ui to Uj in Ji. Then, for each i, there exists at least one path in Ji from the root pi 
to Ui that avoids the vertices UI, U2, ... ,Ui-I, Ui+1 ... up. Hence Ji displays T. 0 
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Corollary 3.6.2. Let H be a regular hybrid phylogeny on X and T be a rooted 
phylogenetic X'-tree with X' ~ X. If c(T) ~ c(H) then H displays T. 
Proof. If c(T) ~ c(H) then X' E c(H) and T is displayed by HIX' . o 
Let P be a collection of rooted phylogenetic X-trees. We denote by H[PJ the 
regular hybrid phylogeny whose set of clusters is UTEP c(T). As a consequence of 
Lemma 3.6.1, we obtain the following: 
Corollary 3.6.3. Let P be a collection of X -trees. Then H[PJ displays P. 
Consequently, a natural way to obtain a regular hybrid that displays a collection 
P of rooted phylogenetic trees with the same set of leaves is by taking the cover 
hybrid of the union of the sets of clusters of the trees in P. We consider the particular 
case when P consists of two rooted phylogenetic trees. We call it the cluster union 
hybrid of the two trees. 
Lemma 3.6.4. Let ~ and 72 be two rooted phylogenetic X -trees. Then the following 
statements hold. 
(i) Each vertex v of H[~, 72J has the in-degree at most two. 
(ii) The hybridization number of H[~, 72J is equal to 
I{v E V(H[~, 72]) : d-(v) = 2}1· 
Proof. (i) Assume that there is a vertex v of H[~, 72J of in-degree at least three. 
Then there exist at least two immediate ancestors Ul and U2 of v, such that C(Ul) 
and c( uz) are distinct and are either both clusters of ~ or both clusters of 72. 
Furthermore, c(v) C C(Ul) n c(uz), so C(Ul) n C(U2) =1= 0. Then either c(v) C C(Ul) C 
C(U2) or c(v) C c(uz) C C(Ul). In the former case, it follows from the definition of 
H[~, 72J that (uz, v) is not an arc of the hybrid, a contradiction. Similarly, in the 
latter case (Ul' v) is not an arc of H[~, 72J. 
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(ii) From part (i) it follows that the hybridization vertices of H[11, '12]) are pre-
cisely the vertices of in-degree two. The conclusion is now a consequence of the 
definition of the hybridization number. D 
For two rooted phylogenetic X -trees 11 and '12, let <p and f be the mappings of 
c(11) x c(12) into 2 c('1i) u c(12) defined by 
<p(A, B) = {S ~ An B : S E c(11) u c(12)}, 
and 
{ 
0 
f(A,B) = 
{C E <p(A, B) : C is maximal} 
,if An BE {0,A,B} 
, otherwise. 
Proposition 3.6.5. Let 11 and '12 be two rooted phylogenetic X -trees. Then 
U f(A,B) 
(A,B)Ec('1i)xc(12) 
is the collection of clusters corresponding to the hybridization vertices of H[1i, '12]. 
Proof. Throughout the proof, we denote H[1i, 12] by H. By Lemma 3.6.4 (ii), it 
suffices to prove that 
{c(v): v E V(H),d-(v) = 2} = U {f(A,B) : AnB ~ {0,A,B}}. 
We will establish equality of these two sets by showing set inclusion in both 
directions. Let v E V(H) with d-(v) = 2. It follows that v has two immediate 
ancestors, Vi and V2, such that c(v) ~ C(Vi) n C(V2), and without loss of generality, 
C(Vi) E C(7i) for each i E {l, 2}. Also, c(v) E C(11) u C(12). 
Set S = c(v), A = C(Vi), and B = C(V2)' Clearly, An B =I- 0 and A =I- B. If 
A c B then c(v) C C(Vi) C C(V2), contradictory to the definition of H. Similarly, 
B is not a subset of A, hence An B ~ {0, A, B}. Now S is a maximal element of 
{S ~ An B : S E C(11) u C(12)} under set inclusion. To prove this, suppose that 
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there exists 8' E C('Ii) U C(12), with 8 c 8' ~ An B. Then there is Vi E V(H) 
such that 8
' 
= c( Vi). It follows that c( v) C c( Vi) C c( VI)' a contradiction with the 
definition of H. Thus if d-(v) = 2, then c(v) E U {f(A, B)IA n B t/:. {0, A, B}}. 
Consider now 8 E f(A, B) where A E C('Ii), B E C(12), and An B t/:. {0, A, B}. 
Then there exist vertices v, VI, V2 such that c( v) = 8, c( VI) = A, and c( V2) = B. As 
8 is a subset of A n B, there exist paths in H from VI to V and from V2 to v. By 
Lemma 3.6.4 (i), it suffices to prove that d-(v) =I- 1. Assume that d-(v) = 1, and 
denote by Vi the immediate ancestor of V in H. Let 8' = c( Vi). Therefore VI :s; Vi 
and hence 8' ~ A. Similarly, 8' ~ B which is contradictory to the choice of 8 as a 
maximal cluster included in AnB. Consequently, d-(v) = 2, hence 8 belongs to the 
set {c(v) : V E V(H), d-(v) = 2}. This completes the proof of the proposition. 0 
For example, in Fig. 3.16, 
)( = {1,2,3,4,5,6}, 
C(7"l) = {{1},{2},{3},{4},{1,5},{2,3},{2,3,4},{1,2,3,4,5},)(}, 
C(7"2) = {{1},{2},{3},{4},{2,3},{4,5},{2,3,4},{2,3,4,5,6},)(}. 
We obtain: 
f({1,5},{4,5}) = f({1,5},{2,3,4,5,6}) = {{5}}, 
f({2,3,4},{4,5}) = {{4}}, 
f( {I, 2, 3,4, 5}, {2, 3, 4, 5, 6}) = {{2, 3, 4}, {4, 5}} and 
f(A, B) = 0, otherwise. 
One can easily remark that {I, 2, 3, 4, 5} n {2, 3, 4,5, 6} = {2, 3, 4, 5} is not a 
cluster, but the subsets {2, 3, 4}, {4, 5} are maximal clusters included in {2, 3, 4, 5}. 
According to Proposition 3.6.5, h(H['Ii,12]) = I{ {5}, {4}, {2, 3, 4}, {4, 5}}1 = 4. 
As the hybridization vertices of H['Ii, 12] are precisely the vertices of in-degree 
two, it follows from Proposition 3.6.5 that 
h(H['Ii,12]) = I u f(A, B)I· 
(A,B)EC(1i) xC(72) 
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Figure 3.16: The hybrid H[11, '12] displays both 11 and '12 and h(H[11 , '12]) = 4. 
Furthermore, a bound on the number of vertices that have in-degree two can be 
easily obtained as follows. Taking into account that a rooted phylogenetic tree with 
n leaves has at most 2n - 1 vertices, such a tree has at most n - 2 interior vertices. 
Therefore the cover hybrid H[11, '12] oftwo rooted phylogenetic trees with the same 
label set of size n has at most 2(n - 2) + n vertices different from the root. At least 
two of these vertices are adjacent to the root, in which case they have the in-degree 
equal to 1. Hence the number of vertices of H[11, '12] with in-degree two is at most 
2(n - 2) + n - 2 = 3n - 6. Consequently, h(H[11, 12]) ~ 3n - 6. 
3.7 The incompatibility graph for a pair of trees 
A rooted phylogenetic tree can be reconstructed from its set of clusters [48]. In this 
section we investigate an extension of this. In particular, for two rooted phylogenetic 
trees 11 and '12, what information can be inferred about 11 and '12 from the union of 
their cluster sets c(11) U c(12) ? Does the cluster union hybrid associated with the 
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two trees uniquely determine these trees ? We show that this is the case provided 
the two trees are sufficiently similar (one can be obtained from the other by a single 
subtree prune and regraft operation). 
Let C be a collection of subsets of X. The incompatibility graph of C is the 
graph that has vertex set C and an edge joining two vertices A and B precisely if 
An B fj. {0, A, B}. The vertices A and B are said to be incompatible. 
A graph G is said to be 2-colourable if each vertex of G can be assigned one of 
two colours so that adjacent vertices are assigned different colours. 
We will use the following lemma (see [48]). 
Lemma 3.7.1. Let C be a cluster system on X. Then there exists a rooted phylo-
genetic tree T on X whose set of clusters is C if and only if, for all A, B E C, 
AnB E {0,A,B}. 
Moreover, if C is such a collection, then T is the unique rooted phylogenetic X -tree 
having C as its set of clusters. 
Proposition 3.7.2. Let G be the incompatibility graph of a collection C of subsets 
of X. Then G is 2-colourable if and only if there exists a pair of rooted phylogenetic 
X -trees Ii and 7'2 such that c(Ii) U c(7'2) = C U X triv . 
Proof. Assume that G is 2-colourable and let Ci be the set of vertices of G that 
are coloured with colour i, i E {1,2}. Then An B E {0, A, B} whenever both A 
and B are in Ci . By Lemma 3.7.1, there exists a unique tree Ii with the cluster set 
c(Ii) = Ci U X triv . 
Conversely, assume that there exists a pair of rooted phylogenetic trees Ii and 
7'2 such that c(Ii) Uc(7'2) = CUXtriv ' Consider the incompatibility graph G of C and 
colour the vertices of G in c(Ii) one colour and the vertices of G in c(7'2) another 
colour. For a vertex in both sets the choice of colour is arbitrary since such a vertex 
is isolated in G. Let {A, B} be an edge of G. Then An B fj. {0, A, B}; hence, by 
Lemma 3.7.1 A and B cannot be clusters of the same tree. So A and B are assigned 
different colours and this assignment of colours is a 2-colouring of G. D 
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Proposition 3.7.3. Let C be a non-empty collection of clusters on X. Assume that 
G = G(C) is 2-colourable. Let p be the number of components of G with at least two 
vertices and let m be the number of isolated vertices of G. Then the number of pairs 
(Ti,72) of rooted phylogenetic trees such that c(Ti) U c(72) = C is equal to 2P- 13m 
for p ;::::: 1 and ~(1 + 3m ) if p = o. 
Proof. Either p ;::::: 1 or p = O. In the former case, the non-isolated vertices of G can 
be coloured in 2P-1 ways. Given a set 8 with m elements, the number of ordered 
pairs (A, B) with AU B = 8 equals 3m , hence the isolated vertices can be coloured 
in 3m ways. Therefore, there exist 2P- 13m pairs of trees for any m ;::::: O. 
Now assume that p = O. As in the previous case, we may regard a colouring as 
an ordered pair (A, B) such that Au B = 8 and 181 = m. Since all of the vertices 
are isolated, we have to identify the pairs (A, B) and (B, A). Taking into account 
that the only pair (A, B) with A = B is (8,8) there are exactly 3"'2-1 + 1 pairs. 
Therefore, there exist Him pairs of trees that satisfy the hypothesis. D 
Corollary 3.7.4 is an immediate consequence of Proposition 3.7.3. 
Corollary 3.7.4. Let C be a collection of subsets of X that does not contain any 
element of X triv ! and let G be the incompatibility graph of C. Then there exists 
exactly one pair (Ti, 72) of rooted phylogenetic trees with c(Ti) U c(72) = C U X triv if 
and only if either G is a 2-colourable connected graph with at least two vertices or 
G is the empty graph. 
Example 1. If C is the empty set then Ti = 72, and their vertices are the root and 
the leaves. 
Example 2. If Ie! = 1 then two pairs of trees are obtained (see Figure 3.17). 
Example 3. The case p ;::::: 1 is illustrated in Figure 3.18. For p = 2 and m = 0 
there exist two pairs of trees. If we add one isolated vertex, then six pairs of trees 
are obtained. 
Observation. Let Ti and 72 be two rooted phylogenetic trees with the same set of 
leaves X and let C be the union of clusters associated with these trees. Denote by 
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/0. /0. 
1 2 3 1 2 3 {1,2} 
'Ii T2 • AZ. AZ. G 
1 2 3 1 2 3 
T/ 1 7.' 2 
Figure 3.17: Two pairs of trees with the cluster set {{1},{2},{3},{1,2},{1,2,3}} 
and the incompatibility graph G of C = {1, 2}. 
{1,2,4} {2,3,4} 
1 243 5 6 7 8 123 4 5 6 7 8 • 0 
'Ii T2 {6,7} {6,7,8} ~ • 
{5,6} {2,4} 
G 
124 3 5 678 123 4 5 6 7 8 
'Ii T2 
Figure 3.18: The graph G has two components with at least two vertices and one 
isolated vertex {2, 4} that can be added to 71, to 72, or to both of them. 
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H the cluster union hybrid associated to ~ and 72. We can use the incompatibility 
graph to determine the hybridization number h(H). 
For every edge of a component with at least two vertices we calculate the inter-
section of the clusters at the ends of this edge. If this intersection is a cluster in C, 
then there is a hybridization in the corresponding vertex of H. If all these intersec-
tions are clusters, then h(H) is equal to the cardinality of the set of intersections. 
For the example in Figure 3.18, the set of intersections is {{2, 4}, {6}}, so h(H) = 2. 
Lemma 3.7.5. Let ~ and 72 be two rooted phylogenetic trees and denote by Cl and 
C2 the sets of non-trivial clusters of the trees ~ and 72! respectively. If A E Cl - C2 
then either A is not an isolated vertex of the incompatibility graph G or else 72 is 
not binary. 
Proof. If A E Cl - C2 then A is not a leaf and A #- X. Let A = {Xl, .. ' ,Xj} and 
let A' be the minimal cluster of 72 that contains A. Therefore A ~ A' and, since 
A E Cl - C2 , it follows that A #- A'. As a consequence, there exists at least one 
leaf x E A' - {Xl, ... , X j }. Let B be the direct descendant of A' in 72 containing 
x. Since A' is the least common ancestor of Xl, . .. ,Xj, A is not included in B. If 
An B #- 0 then A is not isolated in G. 
Therefore we may assume that AnB = 0. If 72 is a binary tree, then there exists 
a direct descendant of A' in 72 containing {Xl, ... , Xj} which is contradictory to the 
definition of A'. D 
The next corollary is a straightforward consequence of Proposition 3.7.3 and 
Lemma 3.7.5. 
Corollary 3.7.6. Let ~ and 72 be two rooted binary trees and let C = c(~) u c(72). 
If the incompatibility graph 9 of C has at most one component with at least two 
vertices! then ~ and 72 are the only pair of rooted binary phylogenetic trees whose 
union of clusters is C. Furthermore! if 9 consists of isolated vertices! then ~ and 
72 are isomorphic. 
It follows from Corollary 3.7.6 that two rooted binary phylogenetic trees ~ and 
72 for which the incompatibility graph 9 has at most one component with at least 
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Figure 3.19: The cluster 35 is an isolated vertex for the incompatibility graph G. 
two vertices can be reconstructed from g. More precisely, the clusters of 71 and 
I2 can be constructed as follows. If 9 consists of isolated vertices, then 71 and I2 
are isomorphic, and the vertex set of 9 is the set of clusters of 71. If 9 has exactly 
one component C with at least two vertices, 2-colour this component, and for each 
i E {1, 2}, let Ci be the union of the set of isolated vertices of 9 and the subset of 
vertices of C assigned one particular colour. Then, for each i, Ci is the set of clusters 
of Ii. 
Proposition 3.7.7. Let 71 and I2 be two distinct rooted binary phylogenetic trees 
on X, such that I2 can be obtained from 71 by a single rSP R operation. Then: 
(i) The incompatibility graph of C = c(71) u c(I2) has exactly one component with 
at least two vertices. 
(ii) Both 71 and I2 can be reconstructed from the incompatibility graph of c(li) U 
c(I2) . 
Proof. Consider a rooted binary tree I and the tree I' obtained from it by a single 
rSPR operation that prunes the subtree with the leaf set A, and reattach it up to 
the root of the subtree with the leaf set E. The two trees are drawn in Figure 3.20. 
Note that c(71) n c(I2) consists of all the clusters of 71 whose associated vertices do 
not lie on the path from A to E, except for the vertex V that is the most recent 
common ancestor of A and E. Let D be the incompatibility graph of the set of 
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clusters c(l1).6c(72). To prove (i) we will show that the incompatibility graph 9 of 
D consists of a single component. The relationship between clusters is easily checked 
and the pairs of incompatible vertices are: 
Di, D (0 :::;; i :::;; k); Di, Bz U A (0:::;; i :::;; k, 1 :::;; l :::;; j); 
U, Di - A, (0:::;; i :::;; k); Dz - A, Di (1 :::;; i :::;; k -1, i + 1 :::;; l :::;; k); 
D, Bi (1 :::;; i :::;; j); Bz U A, Bi (1 :::;; l :::;; j - 1, l + 1 :::;; i :::;; j). 
The incompatibility graph of D is drawn in Figure 3.21. 
x 
I 
, 
, 
, 
~ 
/ 
/ 
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/ 
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D'h,_u 
fJ!-A u 
I' 
Bj - 1 uA 
Figure 3.20: The clusters of T have been changed. The clusters D 1 , ... ,Dk become 
Dl - A, ... , Dk - A and B1 , ... B j are replaced by Bl U A, ... , B j U A. 
In a similar way, one can prove the result for the other two types of rSPR 
operations. This completes the proof of (i). 
To prove (ii) we notice that, as (i) holds, we can apply the construction described 
after Corollary 3.7.6 to obtain the two trees. o 
Corollary 3.7.8. Let 11 and 72 be two rooted binary phylogenetic trees on X, such 
that drspR(l1 , 72) = 1. Then 
1 
h(H[l1 , 72]) = "2 Ic(l1).6c(72) I = k + j + 1. 
Proof. Suppose that 72 is obtained from 11 by a single rSPR operation as shown 
in Figure 3.20. Denote by C = c(l1) U c(72). Let us observe that if A and Bare 
3.7 The incompatibility graph for a pair of trees 51 
EuA 
Figure 3.21: The incompatibility graph for the trees 'Ii and 72 has only one com-
ponent with at least two vertices. The vertices which are not contained in this 
component (are isolated vertices for the incompatibility graph) belong to both 71 
and 72. 
clusters in C associated to incompatible pairs of vertices, then An B E C. It follows 
that 
h (1-l [71 , 72]) = I{A, E, U - A, Dl - A, ... , D k - l - A, B l , B2 , ... , Bj-l}1 = k + j + 1. 
For the other types of rSPR operations, the hybridization number can be calcu-
lated in a similar way. 0 
We end this section by noting that Proposition 3.7.7 cannot be extended to 
two rooted binary phylogenetic trees that need more than one rSPR operation to be 
obtained one from the other. To see this, consider the two rooted binary phylogenetic 
trees shown in Figure 3.22. Two rSPR operations are required to obtain 72 from 71, 
respectively 'If from T{. On the other hand, 
c(71) u c(72) = c(T{) U c(,I;). 
In particular, the associated incompatibility graphs are identical. 
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Figure 3.22: Two pairs of trees with the same union of clusters. 
3.8 Some remarks on the notion of 'display' 
We end this chapter with some remarks regarding possible variants of the notion of 
'display', particularly for the case of a hybrid that displays a tree. According to the 
definition used in this thesis, the hybrid 'H drawn in Figure 3.23 displays neither 'It 
nor 72. The problem appears because the paths from the root of 'It (or 72) to the 
leaves labelled by b, respectively by c, cannot be 'displayed' by 'H as they need to 
'share' the vertex v. 
a b c d a c b d 
Ii 72 
a d c b 
T3 
a 
p 
b c 
1-{ 
Figure 3.23: The hybrid 'H 'vertex-sharing' displays both 'It and 72. 
Let 'H be a hybrid phylogeny on X, w a vertex of'H with X' ~ c(w). Denote by 
P(w) the set of paths starting in wand ending in a leaf of 'H. Consider P ~ P(w) 
d 
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such that for any x E X', there exists a unique path in P that ends in x. Let 
V(P) = {v E V(H) : v is a vertex of p for some pEP}. 
If pEP, P = wV1v2 ... Vn and 8 = Vi for some i, 1 :s; i :s; n, denote by pr(8,p) 
the path WV1 V2 ... Vi-1 and consider the set 
Pr(8) = {pr(8,p) : pEP}. 
Construct a new graph having: 
• the set of vertices: w, (8, pr( 8, p)), pEP (For any vertex 8 of V (P), correspond 
[Pr(8)[ vertices.) 
• the set of arcs: there is an arc from (81, pr (81, p)) to (82, pr (82, p)) precisely if 
pr(82,p) = pr(81,p)81. 
p 
:1 
p p 
I: (w,p) u w (v, pu) (v, pw) v v 
(a, pu) (d,pw) 
b c 
(b, puv) (c, pwv) 
G(P) P 
Figure 3.24: A collection of paths P and the graph G(P) to show that the hybrid 
H in Figure 3.23 'vertex-sharing' displays 'Ii. 
We denote this graph by G(P) and we call it the equivalent-path graph. For an 
example, see Figure 3.24. 
Note that the above construction is equivalent with the following. Consider the 
equivalence relation on V(P) x P given by 
(u,p) rv (u',p') if and only if { uo~ u' = W 
U = u' and (da(u),p) rv (da(u'),p') 
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where da(u) denotes the direct ancestor of u on the path p. For (v,p) E V(P) x P, 
denote by [v,p] the equivalence class of (v,p); that is [v,p] = {(v/,p/) : (v/,p/) ("V 
(v,p)). Then construct the graph G(P) as follows: 
• the set of vertices: {[v,p] : (v,p) E V(P) x P} 
• the set of arcs: there is an arc between [(v, p)] and [( v/, p/)] if and only if there 
is q E P such that (v,p) ("V (v, q), (v/,p/) ("V (v/, q) and (v, Vi) is an arc of q. 
Now we can introduce a variant of display that allows 'vertex-sharing'. 
Let H be a hybrid phylogeny on X and T a rooted phylogenetic X/-tree with 
X/ s: X. We say that H displays T if there exists W E V(H) with X/ s: c(w) and 
there exists a collection of paths P corresponding to wand X/ such that G(P) is a 
refinement of T. 
Note that, according to the above definition, the hybrid H drawn in Figure 3.23 
displays 71 and 72 but does not display 73. Also, let us observe that, if IV(P)I = 
IV( G(P)) I, we obtain the definition introduced in Section 3.4 and used in this thesis. 
3.9 Some questions for future work 
Regular hybrids have an interesting combinatorial structure that gives rise to many 
further questions, for example, find the number of regular hybrids with n leaves and 
exactly (respectively at most) k hybridization events. 
Besides its mathematical interest, investigating the structure of regular hybrids 
might have some useful application to biological problems. For example, we have 
proved that each hybrid phylogeny can be modified to obtain a regular hybrid by 
adding leaves. This operation has a biological meaning-the new leaves correspond 
to species that may have been involved in the evolution in the past or have yet 
to be sampled. So an important question is this: For a given hybrid, what is the 
minimum number of leaves that should be added to transform it into a regular one? 
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Also, given a (regular) hybrid, find the minimum number of leaves that need to be 
added in order to obtain a temporal representation as described in Section 3.5. 
It would also be interesting to investigate the mathematical properties of the 
more general notion of display defined in Section 3.8. 
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Chapter 4 
Measuring the dissimilarities 
between trees 
In this chapter, we use the formalism introduced in Chapter 3 to study the following 
problem: given a collection of rooted phylogenetic trees) how can these trees be dis-
played by a single hybrid phylogeny with a minimum number of hybrid events? Apart 
from its mathematical interest, there is a biological motivation for considering this 
problem. This motivation has been summarized in [42]: 
.. . it would be more useful to have analytical methods that allowed bi-
ologists to visualise the phylogenetic relationships between plant species 
(not just between genes) and to have methods that could account for pat-
terns in the data arising from species hybridisation events. Ideally such 
methods would also allow researchers to infer the minimum number of 
hybridisation events needed to explain extant diversity. 
In general, the cluster union hybrid (although it is a 'canonical' one) has more 
hybrid events than are required. On the other hand, the number of hybrid events 
can be reduced (in some cases greatly reduced, as we will show later in this sec-
tion) if other species (not sampled by any of the input trees) are permitted. This 
phenomenon is biologically motivated since other species (including ones that are 
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extinct now) may have been involved in evolution in the past. These aspects are 
illustrated in the following example. The three hybrids shown in Figure 4.1 display 
both 71 and 72. Note that 'HI is the cluster union hybrid associated with 71 and 72 
and h('HI ) = 6. The hybrid 'H3 has only two hybrid events but one extra-leaf x. If 
we use the leaf 6 rather then an extra-leaf, then we obtain 'H2 . The set of leaves is 
preserved but h('H2 ) = 3. 
1 2 3 4 5 6 7 8 
2 1 3 4 8 5 7 6 
1 2 3 4 5 
1-{3 
1 
1 
3 
2 
x 
4 
3 
6 8 
8 5 2 6 
4 5 6 8 
7 
Figure 4.1: Two rooted binary phylogenetic trees 71 and 72 and three regular hybrid 
phylogenies 'HI, 'H2 , 'H3 that display both trees. 
7 
7 
4.1 Displaying trees with a minimum number of hybrid events 59 
We will show that the minimum number of hybrid events required to display two 
rooted binary phylogenetic trees by the same hybrid is bounded below by the rSPR 
distance between the two trees. We also examine situations when equality holds. 
Results in this chapter will play an important role in Chapter 5. 
4.1 Displaying trees with a minimum number of 
hybrid events 
Let P be a collection of rooted phylogenetic trees and let 
We say that a hybrid 1i displays P if each tree of P is displayed by 1i. We are 
interested in displaying P with a minimum number of hybrid events. This number 
depends on the conditions required for the hybrid 1i that displays P. For example, 
if 1i is a regular hybrid with £(P) ~ £(1i) , it follows from Proposition 3.5.1 that 
the restriction to regular hybrid phylogenies does not change the minimum number. 
However, this is not the case when we do not allow extra-leaves. 
We now introduce three possible measures of hybridization. For a collection P 
of rooted phylogenetic trees we define: 
h(P) min{h(1i) : 1i is a hybrid that displays T and T' with £(1i) = £(P)}, 
hr(P) - min{h(1i): 'H is a regular hybrid that displays P and £(1i) = £(P)}, 
min{h(1i) : 1i is a regular hybrid that displays P and £(P) ~ £('H)}. 
If P = {T, T'}, we will write h(T, T') instead of h( {T, T'}). Similarly for hr 
and h;. Let us observe that, as the following proposition shows, no generality is 
lost in restricting our discussion to rooted binary phylogenetic trees with the same 
set of leaves. 
Proposition 4.1.1. Let Tl and 12 be two rooted binary phylogenetic trees and denote 
by £12 = £(Tl) n £(12). Let 
h(Tl,12) = min{h(1i) : 1i is a hybrid that displays Tl and 12}. 
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Then 
Proof. By Lemma 3.4.2 we have that h(111£12, 121£12) :::; h(11, 12). 
Let H be a hybrid that displays 111£12 and 121£12. From the definition of 
displaying, it follows that £12 ~ £(H) and, for each i E {l, 2} there exists a rooted 
sub digraph (tree) Hi of H that is a refinement of'IiI£12. Now consider the root p of 
H as a pendant vertex attached to the original root. Then we can consider the root 
of Hi as p and adjoin the vertices labelled by £('Ii) - £12 to edges of Hi such that 
the obtained tree is a refinement of 'Ii. The digraph obtained by this construction 
is a hybrid that displays both 11 and 12 and has the same hybridization number as 
H. Therefore h(11, 12) :::; h(111£12, 121£12). 0 
It is straightforward to observe that for all rooted phylogenetic X-trees 
max{h(I, If), h~(I, If)} :::; hr(I, If). 
Also, h(I, If) = h(If, I), and similar relations hold for hr and h~. Clearly, 
h(I, I) = hr(I, I) = h~(I, I) = 0 but in general, h(I, If) = 0 does not im-
ply I = If. To see this, consider two non-isomorphic rooted X-trees I and T' 
such that If is a refinement of T. Then If itself is a hybrid that displays both 
I and If, so h(I, If) = O. The corresponding implications for hr and h;: do not 
hold too. Nevertheless, if we consider only binary rooted phylogenetic X -trees, 
then h(I, If) = 0 if and only if I = If. A similar result holds for hr and h~. In 
other words, h, hr and h~ are dissimilarity maps on the collection of rooted binary 
X -trees. However, as we will show later, these maps do not satisfy the triangle 
inequality. 
The result in the following proposition shows that displaying two phylogenetic 
X -trees by a hybrid with the same set X of leaves is equivalent to displaying trees 
by a regular hybrid whose set of leaves contains X. 
Proposition 4.1.2. For any two rooted binary phylogenetic X -trees 11 and 12) 
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Proof. By Proposition 3.5.1 it follows that h~('Ii, 72) ::; h('Ii, 72). 
We now prove the inequality h('Ii, 72) ::; h~('Ii, 72). Let 1{+ be a regular hybrid 
that displays 'Ii and 72, and such that X ~ £{H+). Then for each i E {I, 2}, there 
exists a rooted sub digraph 1{i of 1{+ that is a refinement of Ii. It follows that Hi is 
a tree with the leaf set labelled by X. Consider now the sub digraph 1{ of 1{+ that 
is obtained by restricting 1{+ to the vertices and arcs that are used by either of 1{i, 
i E {I, 2}. By possibly adding a new vertex that is joined to each of the vertices of 
H of in~degree zero, we may assume that H is a rooted digraph. Furthermore, all 
the vertices of out~degree zero of 1{ are labelled by an element of X, for otherwise, 
there exists a vertex in 1{ that is not induced by a vertex of 1{i. It follows that, up to 
suppressing degree-two vertices, 1{ is a hybrid with £(1{) = X that displays 'Ii and 
72. Since each non-root vertex v of H corresponds to a vertex of 1{+, and the set of 
arcs directed towards v is a subset of the arcs directed towards the corresponding 
vertex in 1{+, it follows that h(1{) ::; h(H+). Thus h('Ii, 72) ::; h~('Ii, 72). D 
As a consequence of Proposition 4.1.2 and previous observations, for each pair 
of rooted phylogenetic trees 'Ii and 72, we have that: 
We will prove that the above inequality is strict. Moreover, for a pair of rooted 
phylogenetic trees 'Ii and 72, the difference between hr('Ii,72) and h~('Ii, 72) can 
be arbitrarily large as the next proposition shows. 
Proposition 4.1.3. For all n :2: 3, there exist two rooted binary phylogenetic trees 
'Ii and 72 such that h~('Ii, 72) = 1 and hr('Ii, 72) = n - 2. 
Proof. Let X = {I, 2, ... ,n} and consider the rooted phylogenetic X ~trees 'Ii and 
72 shown in Figure 4.2. Since both 'Ii and 72 are binary, and neither 'Ii nor 72 
displays the other, any regular hybrid that displays both 'Ii and 72 requires at least 
one hybrid event. 
Let 1{+ be the hybrid shown in Figure 4.2, where x tj. X. Since the hybrid 1{+ 
is regular, displays both 'Ii and 72 and h(1{+) = 1, it follows that h;:('Ii, 72) = 1. 
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Figure 4.2: Two rooted binary phylogenetic trees 'Ii and ~ and two regular hybrids 
that display both 'Ii and ~. Note that H has the same leaf set. The hybrid H+ has 
one extra leaf. 
We next show that hr('Ii,~) = n - 2. Let H be the regular hybrid as shown 
in Figure 4.2. Then H displays 'Ii and ~ and h(H) = n - 2. It remains to prove 
that n - 2 is the minimum hybridization number for all the regular hybrids on X 
displaying both 'Ii and ~. Let 9 be a regular hybrid on {1, 2, ... , n} that displays 'Ii. 
Since G displays 'Ii, it follows by Lemma 3.4.1 that there exists a strictly increasing 
map 'P : c('Ii) -+ c(Q) that preserves the leaves. Then 
{1} = 'P( {1}) c 'P( {1, 2}) C ... c 'P( {1, 2, ... ,n - 1} c 'P( {1, 2, ... ,n - 1, n}). 
Since 'Ii and 9 have the same label set, 'P( {1, 2, ... , n -1, n}) = {1, 2, ... , n -1, n}. 
This now implies that 'P( {1, 2, ... ,i}) = {1, 2, ... ,i}, for all i. Therefore c('Ii) ~ g. 
Similarly, c(~) ~ g. It follows that 1V(9)1 ~ n + 1 + 2(n - 2) = 3n - 3. 
By Lemma 3.3.5, this implies that 
h(Q) ~ IV(Q)I - 2n + 1 ~ (3n - 3) - 2n + 1 = n - 2. 
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Consequently, hr ('Ii , 72) = n - 2. 0 
Let P = {'Ii, 72, .. . 1k} be a set of rooted binary phylogenetic trees with £(71) = 
£(72) = ... = £(1k) = £ and for U ~ £, let PIU = {71IU, 72IU, ... 1kIU}. The 
following proposition is a consequence of the definition of h; and Proposition 3.4.2. 
Proposition 4.1.4. Let P be a collection of rooted phylogenetic trees. Then) for all 
subsets U of £(P)) we have h;(PIU) :; h;(P). 
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Figure 4.3: Two rooted binary phylogenetic trees 71 and 72 for the proof of Propo-
sition 4.1.5. 
Note that the inequality in Proposition 4.1.4 is no longer valid when h; is re-
placed by hr. More precisely, we have the following proposition. 
Proposition 4.1.5. For all integers n 2: 4) there exist X) a collection P of rooted 
binary phylogenetic trees on X) and a subset U of X such that 
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Proof. Let U = {l, 2, ... , n} be a subset of X, and P = {'Ii, 'l2} as shown in Figure 
4.3. Then PIU consists of the two rooted binary phylogenetic trees shown in Figure 
4.2. 
By Proposition 4.1.3, hr(PIU) = n - 2. Furthermore, the hybrid 'H shown in 
Figure 4.3 is regular and displays both 'Ii and 'l2. Since h(H) = 2, it follows that 
hr(P) :::; 2. The proposition now follows. D 
We will show now that hr does not verify the triangle inequality. 
Proposition 4.1.6. There exist three rooted phylogenetic trees 'Ii, 'l2, and 73 such 
that hr('Ii, 73) > hr('Ii, 'l2) + hr('l2, 73). 
Proof. For the trees shown in Figure 4.4, 'Hi,j is. a minimal regular hybrid that 
displays ~ and ~, i, j E {l, 2, 3}. It follows that hr('Ii, 'l2) = hr('l2,73) = 1 and 
~('Ii,73)=3. D 
1 2 3 
Ii 
4 5 1 2 3 
72 
4 5 1 
5 1 
5 2 
T3 
3 4 
Figure 4.4: Three rooted binary phylogenetic trees and three regular hybrids to 
prove that hr does not satisfy the triangle inequality. 
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4.2 The rSPR distance is majorized by h 
Given a rooted digraph (V, A) and any vertex v of V, v#- p, let 
end(v) = {(u, v) : (u, v) E A}. 
Lemma 4.2.1. Let 7 and 7' be two rooted binary phylogenetic X -trees. Let'H be 
a hybrid phylogeny that displays 7 and T'. There exists a hybrid phylogeny 'H' that 
displays both 7 and T' such that: 
(i) For all vertices v of 'H', d- (v) ::; 2. 
(ii) If d- (v) = 2 for some vertex v of 'H' then one arc ending in v is used for the 
displaying of 7, the other is used for the displaying of 7'. 
(iii) h('H') < h('H) , unless, taking 'H' = 'H already satisfies (i) and (ii). 
Proof. For each vertex v E 'H, at most one arc of end( v) is used for the displaying of 
T, respectively 7'. Let v be a vertex of V('H) such that either condition (i) or (ii) is 
not satisfied and suppose that at least one arc of end( v) is used for the displaying. If 
(u, v) is an arc that is not used for the displaying, then delete the arc (u, v), adjoin 
a new leaf x via a new arc (u, x). If no arc of end( v) is used for the displaying of 7 
or 7' then do the same operation for all the arcs in end(v), except one arc. Note 
that the hybrid 'H' obtained by applying these operations displays both trees and 
h('H') < h('H). D 
Lemma 4.2.2. Let 7 and T' be two rooted binary phylogenetic trees. Let'H be a 
hybrid that displays 7 and 7' and has the minimum number of hybrid events. Then 
'H satisfies the conditions (i) and (ii) in Lemma 4.2.1. 
Proof. Let 'H be a minimal hybrid that displays 7 and T'. Suppose now that either 
condition (i) or condition (ii) is not satisfied. Then we can delete an arc ending in 
v, as in Lemma 4.2.1. We obtain a hybrid whose hybridization number is smaller, 
contradictory to the minimality of 'H. D 
Lemma 4.2.3. Let 7 and 7' be two rooted binary phylogenetic trees. Let'H be a hy-
brid that displays 7 and 7', with h('H) ~ 1. There exist a rooted binary phylogenetic 
tree ~ and a hybrid phylogeny 'HI such that 
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(i) drspR(T , 'Ii ) = I , 
(ii) H I displays 'Ii and T ' , and 
(iii) h(H I ) = h(H ) - 1. 
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Figure 4.5: The popping operat ion in H'. The 'blue' out- degree of w is two. In 
cases a) and b), the 'red' out- degree of w is two. In these cases w could be the root 
of H'. In case c) , the 'red ' out- degree of w is one. It follows that the 'red ' in- degree 
of w is 1. 
Proof. Let T and T ' be two rooted binary phylogenetic X - trees and H a hybrid 
phylogeny that displays T and T '. It follows from the definit ion of displaying that 
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x ~ £ (H ), and there exists a rooted subdigraph of H that is a refinement of T , 
and a rooted sub digraph of H that is a refinement of T' . 
Colour by blue (respectively by red) , the arcs of the rooted subdigraph of H that 
is a refinement of T (respectively T' ). 
According to Lemma 4.2. 1, we may assume that d-(v) ~ 2 for any v E V( H ) 
and if d- (v) = 2, then one arc is used for the displaying of T and the other for the 
displaying of T' . Also , at most two arcs starting in v are used for the displaying of 
T , respectively of T'. Let v E V(H ) with d- (v) = 2 (such v exists since h(H) 2 1) , 
v a) 
I ----+ 
v 
b) 
f 
v 
v 
II 
II 
II 
II 
Figure 4.6: The 'blue' out- degree of w is one. It follows that the 'blue' in- degree 
of w is one. 
and denote by (Ul, v) t he (blue) arc used for the displaying of T and by (U2 ' v) the 
(red) arc used for T' . In t he hybrid H , delete the arc (Ul' v), and adj oin a new leaf 
x by a new arc (Ul , x) . Denote the new hybrid by H'. Follow up t he red path until 
either: 
1) it intersects a blue path (in a vertex) of H' , or 
2) it does not intersect a blue path; it reaches the vertex p corresponding to the 
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root of T' in H'. 
Case 1) Let w be the vertex in H' where the red path intersects the blue one. 
There are two possible cases: 
Case 1a) Suppose the 'blue' out-degree of w is two (there exist two blue arcs 
starting in w). Then refine H' by applying the popping operation (see Figure 4.5). 
Colour (w', w) by blue and the path from w' to v by blue and red. 
Case 1 b) If the 'blue' out-degree of w is one (there is one blue arc starting with 
w), then colour the path from w to v by both colours (see Figure 4.6). 
Case 2) Follow the path from p to the root of the hybrid. Again two cases are 
possible: 
Case 2a) If this path intersects a blue path in w, then refine H' as in case 1), 
depending on the 'blue' out-degree of w (see Figure 4.7, b),c)). 
Case 2b) If this path does not intersect a blue path, then colour by blue the 
paths from p to the vertex w corresponding to the root of T and to v (see Figure 
4.7, a)). 
Denote the obtained hybrid by H 1 . 
In the tree T apply a rSPR operation corresponding to the paths in H. Consider 
the arc (a, b) of T whose image is the blue path in H that contains (Ul, v). Cut the 
arc (a, b), and prune the subtree with the root b. If the 'blue' out-degree of w is 
2, then w represents a vertex s of T. Reattach the subtree up to the vertex s of 
T represented in H by w. If the 'blue' out-degree of w is 1, then the blue path 
represents an arc (c, d) of T. Reattach the subtree up to d. o 
Proposition 4.2.4. Let T and T' be two rooted binary phylogenetic X -trees. Then 
drSpR(T, T') ::; h(T, T'). 
Proof. If h(T, T') = 0 then T = T', and therefore drSpR(T, T') = o. 
4.2 The rSPR distance is majorized by h 
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Let T and T' be two rooted binary phylogenetic trees such that h(T, T') = k ~ l. 
Let H be a hybrid phylogeny such that H displays T and T' and H has the minimum 
number of hybrid events h(H) = h(T, T') = k. We prove that T' ,can be obtained 
from T by applying k rSPR operations. By succesively applying Lemma 4.2.3, one 
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can obtain a sequence of hybrids 
and a sequence of binary phylogenetic trees 
71,12, ... , '4, 
such that drSpR(Ii-1, Ii) = I, h(Hi) = h(Hi- 1) - I, and Hi displays Ii and If. 
In particular, after k steps, h(Hk) = 0, and Hk displays '4, and If. It follows 
that '4, = T', hence T' can be obtained from I by applying k rSPR operations. 0 
4.3 Agreement forests 
. This section describes joint work with S.Grunewald, C. Semple and V. Moulton. 
Agreement forests are an invaluable tool for analysing and understanding tree 
rearrangement operations such as the rooted subtree prune and regraft operation, 
. as shown in [2, 11, 27]. 
Let I and If be two rooted binary phylogenetic X~trees. For the purposes of 
the following definitions, we label the root of both I and If by p and regard it as a 
vertex at the end of a pendant edge adjoined to the original root. Furthermore, in 
addition to the elements of X, we also view p as an element of the label set of both 
I and T'. 
An agreement forest for I and If is a collection {Tp, 71, 12, ... , '4,}, where Tp 
is a rooted tree and 71,12, ... , '4, are rooted binary phylogenetic trees with label 
sets £p, £1, £2, ... £k such that the following properties hold: 
(i) The label sets £p, £1, £2, ... £k partition xu {p} and, in particular, p E £p. 
(ii) For all i E {p, 1,2, ... , k}, Ii ~ I!£i ~ T'!£i. 
(iii) The trees in {I(£i): i E {p,l,2,,,.,k}} and {If(£i): i E {p,'l,2,,,.,k}} 
are vertex disjoint rooted subtrees of I and If, respectively. 
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Figure 4.8: Two rooted binary phylogenetic trees T and T' without (above) and 
with (below) their roots labelled. 
A maximum agreement forest for T and T' is an agreement forest F for T 
and T' for which IFI is minimal. Let 
m(T, T') = min{IFI- 1 : F is an agreement forest for T and T'}. 
This definition of an agreement forest has been introduced in [11] and it has been 
used to prove that 
drSpR(T,7') = m(T, T'). 
We will show later in this section that a similar result can be obtained for h(T, T') 
and a particular type of agreement forest. We now introduce this particular type 
of agreement forest. Let T and T' be two rooted binary phylogenetic X -trees and 
let F = {'Yp,~, 12, ... , 1k} be an agreement forest for T and 7'. Let 9:F be the 
directed graph whose vertex set is F and for which (~, ~) is an arc precisely if one 
of the following conditions holds: 
(Al) the root of T(£(~)) is an ancestor of the root of T(£(~)), or 
72 Measuring the dissimilarities between trees 
(A2 ) the root of T'(£(Ti)) is an ancestor of the root of T'(£(~)). 
We call F a good agreement forest if gF does not contain a directed cycle. 
A maximum good agreement forest for T and T' is a good agreement forest F 
for T and T' for which IFI is minimal. We denote by 
mg(T, T') = min{IFI- 1 : F is a good agreement forest for T and T'}. 
• /\/\/\ Ti 0-------;;.0() 
P 1 2 3 4 5 6 
Tp Ti 'h T3 
F1 
PI 
/\ • • • • 
1 2 3 4 5 6 
Tp Ti 'h T3 T4 
F2 
Figure 4.9: Two agreement forests for the trees T and T' shown in Figure 4.8. The 
forest Fl is a maximum agreement forest for T and T' but is not a good agreement 
forest as the directed graph gF1 has directed cycles. The forest F2 is a maximum 
good agreement forest for T and T'. 
Note that in Figure 4.9, F2 is a maximum good agreement forest for the trees T 
and T' but Fl is not a good agreement forest for these two trees. Clearly, as every 
good agreement forest is an agreement forest, 
m(T, T') :::; mg(T, T'). 
The example in Figure 4.9 shows that this inequality may be strict. 
Lemma 4.3.1. Let T and T' be two rooted binary phylogenetic X -trees and let F 
be a maximum good agreement forest for T and T'. Let Tp E F be the rooted tree 
whose label set contains p. Then £(Tp) n X is nonempty. 
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Proof. Suppose that C(Tp) n X = 0, that is Tp = {p}. Since F is a good agreement 
forest, there exists a vertex To of Q:F\Tp with in-degree zero. It follows that the 
forest obtained from F by adding p at the end of a pendant edge adjoined to the 
root of To is a good agreement forest for I and I' with one less component, a 
contradiction with the minimality of IFI. 0 
Theorem 4.3.2. Let I and I' be two rooted binary phylogenetic X -trees. Then 
h(I, I') = mg(I, I'). 
Proof. We prove first that h(I, I') ~ mg(I, I'). Let 'H be a hybrid that displays 
I and I' and has a minimum number of hybrid events. By Lemma 4.2.2 we may 
assume that, for each vertex of 'H, the number of incoming arcs is at most two. 
Let F be the forest obtained from 'H by deleting, for each hybridization vertex v of 
'H, the two incoming arcs and then supressing any resulting degree-two vertex. We 
show by induction on h('H) that F is a good agreement forest for I and T' with 
h('H) + 1 components, and therefore h(I, I') ~ mg(I, I'). 
If h('H) = 0, then I and I' are-up to isomorphism-identical, so the result 
holds. Now let h('H) = n and assume that the result holds for all pairs of rooted 
binary phylogenetic X -trees for which h('H) is at most n - 1, where n ~ 1. Let v 
be a hybridization vertex of'H such that 'H1c( v) is a rooted binary phylogenetic tree 
Tv on c(v). Such vertex must exist since h('H) ~ 1. Then by Lemma 4.2.2, one of 
the arcs coming in to v, el say, is used by 'H to display 'Ii and the other arc coming 
to v, e2 say, is used by 'H to display 72. 
Consider now a hybrid 'H' on X and two rooted binary phylogenetic X-trees 7i 
and T{ defined in the following way: 
- Viewing the root p of'H as a vertex at the end of a pendant edge adjoined 
to the original root, 'H' is obtained from 'H by deleting el and e2, and then 
adjoining the root of Tv to p. 
- Viewing the root of I as a vertex p at the end of a pendant edge adjoined 
to the original root, 'Ii is obtained from I by pruning the rooted subtree Tv 
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and adjoining the root of this subtree to p with a new edge. Similarly, T{ is 
obtained from I'. 
Clearly, h('H') = h('H) - 1 = n - 1. Moreover, as 'H displays both I and I', 
it follows from the above construction that 'H' displays both 71 and T{. There-
fore, by the induction assumption, the forest F' obtained from 'H' by deleting, for 
each hybridization vertex, the two incoming arcs and then supressing any resulting 
degree-two vertex is a good agreement forest for 71 and T{ with n components. 
Now let us observe that at most one tree in F' has the property that its label 
set contains elements of both c( v) and X - c( v ), in which case this tree is Tp (the 
component of F' that contains p). By the maximality of F', it follows that the label 
set of Tp contains c( v ). 
Let F be the forest obtained from F' by deleting the edge joining p to the root 
of Tv. Since F' is a good agreement forest for 71 and T{, F is an agreement forest 
for I and I'. Furthermore, as both I and I' contain Tv as a rooted subtree, it 
follows that F is also a good agreement forest for I and I'. Since F has n + 1 
components, we deduce that h(I, I') ~ mg(I, I'). 
We next show that mg(I, I') :::; h(I, I'). The proofis by induction on mg(I, T'). 
If mg(I, I') = 0, then, up to isomorphism, I and T' are identical, so therefore 
mg(I, I') :::; h(I, I'). Now let mg(I, I') = k and assume that the result holds for 
all pairs of rooted binary phylogenetic X -trees for which the minimum number of 
components over all good agreement forests is at most k. 
Let F = {Tp, 71, 7;, ... , 1k} be a maximum good agreement forest for I and I'. 
Since F is good, 9;: has no directed cycles and so there exists a vertex of 9;: whose 
out-degree is zero. Without loss of generality, we may assume that this vertex is 7k. 
It follows that 1k is a rooted subtree of both I and I'. Let X k = X - £(1k) and 
let Fk = F - {1k}. Then Fk is a good agreement forest for I!Xk and T'!Xk. Since 
!Fkl < IF!, it follows by the induction assumption that there is a hybrid 'Hk on X 
that displays both I!Xk and I'!Xk, and has the property that h('Hk) :::; k - 1. 
Since 'Hk displays I!Xk and since 1k is a rooted subtree of I, there exists a 
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hybrid that can be obtained from 'Hk by adjoining '1k via a new edge e that connects 
the root of'1k and a new vertex that subdivides an edge of 'Hk. Similarly, there is a 
hybrid that displays T'lXk and that can be obtained from 'Hk by adjoining '1k using 
a new edge e'. Now let 'H be the hybrid obtained from 'Hk by adjoining '1k using 
exactly edges e and e'. Clearly, 'Hk displays both T and T'. Furthermore, since '1k is 
a rooted binary phylogenetic tree and the vertex of 'H corresponding to the root of 
'1k has in-degree two, h('H) S k. Hence h(T, T') S k = mg(T, T'). This completes 
the proof of the theorem. o 
4.4 Bounds for h(I, I') 
Note that by Theorem 4.3.2 and previous observations, we obtain an alternative 
proof for 
drspR(T, T') S h(T, T'). 
The following proposition shows that the lower bound for h is sharp. 
Proposition 4.4.1. Let T and T' be two rooted binary phylogenetic X -trees. Then 
drspR(T, T') = 1 if and only if h(T, T') = 1. Moreover) if drspR(T, 7') = 1) a 
regular hybrid that displays both trees can be easily obtained. 
Proof. Assume that h(T,7') = 1. From Proposition 4.2.4 and the properties of 
drsPR and h it follows that drspR(T, T') = 1. 
Now, let T and 7' be two rooted binary phylogenetic X -trees such that T' is 
obtained from T by a single rSP R operation Ba,c, which prunes the subtree with 
the root a and regrafts it up to the vertex c. We will describe now how we can 
construct a regular hybrid that displays both trees. Consider the following sequence 
of operations: 
(1) If c is not the root of T then there exists a vertex b of T that is a direct 
ancestor of c. 
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(a) Subdivide the arc (b, c) by a new vertex d and add a new arc (d, a). 
(b) In the case of a 'down' rSPR operation, subdivide the arc (u, a) and 
adjoin a new leaf x to the subdividing vertex. 
(c) In the case of an 'up' rSPR operation, subdivide the arc (d, a) and adjoin 
a new leaf x to the subdividing vertex. 
(2) If c = PI then add a new vertex b, a new arc (b, c) and a new arc (b, a). 
Subdivide the arc (b, a) and adjoin a new leaf x to the subdividing vertex. 
The hybrid H obtained by performing the previous set of operations is regular, 
displays T and T', and h(H) = 1. For each case the construction is illustrated in 
Figure 4.10. 0 
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Figure 4.10: Each figure (i)-(iv) shows a regular hybrid that displays two trees T 
and T' with drSpR(T, T') = 1. 
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In a biological interpretation, the new leaf x is a species not mentioned by any 
of the input trees (one that may be now extinct) that may have been involved in 
the hybridization in the past (see [36]). 
In the next proposition we establish an upper bound for h(7, 7'). 
Proposition 4.4.2. Let 7 and 7' be two rooted binary phylogenetic X -trees. Then 
h(7,7') :::; IXI - 2. 
Proof. Let n = IXI. To prove that h(7,7') :::; IXI- 2, we will construct a good 
agreement forest for 7 and T with n - 1 components. The result then follows by 
applying Proposition 4.3.2. 
To construct a good agreement forest, let us observe that for each tree, the root 
partitions the set of leaves in two disjoint proper subsets, say Ai, A2 for 7 and 
A~, A; for 7'. Without loss of generality, we may assume that Ai n A~ =I- 0 and 
A2 n A; =I- 0. Let x E Ai n A~ and y E A2 n A;. Denote by Tp the rooted binary tree 
with the root p and the leaves x and y, and for all i E {I, 2, ... ,n - 2}, let Ti be the 
rooted phylogenetic tree consisting of a single vertex labelled by li' li E X - {x, y}. 
Then the set {Tp, 71, ... , 'Tn-2} is a good agreement forest for 7 and T with n - 1 
components. D 
The next proposition shows that the upper bound for h is sharp. 
Proposition 4.4.3. For all n ~ 2 there exist two rooted binary X -trees 7 and 7' 
with IXI = nand h(7, T) = n - 2. 
Proof. Let X = {Xl, X2, ... , xn } and let 7 and 7' be the two rooted binary phylo-
genetic X-trees shown in Figure 4.11. We will prove that m g (7, 7') = n - 2. Let 
F be a good agreement forest for 7 and 7' and let Tp be the tree in F that has p 
as a vertex label. 
First we make the following observations: 
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Figure 4.11: Two rooted binary phylogenetic trees T and T' with n leaves such that 
h(T, T') = n - 2. 
(1) Each tree in F has a label set that contains at most two elements of X, for 
otherwise F is not an agreement forest (condition (ii) in the definition is not 
satisfied) . 
(2) There exists at most one tree in F with the property that its label set contains 
two elements from X. To see this, suppose that there are two such trees, Ti and 
Tj, in F. Since the trees in {T(£(Ti)) , T(£(Tj))} and {T'(£(Ti)) , T'(£(Tj))} 
are vertex disjoint subtrees of T and T', respectively, it follows that neither 
£(Ti) nor £(Tj) contains p. Therefore £(Ti) = {i1,i2}, £(Tj) = {jl,j2} and 
i1 < i2 < jl < j2. But then by considering the vertices in T and T' corre-
sponding to the roots of Ti and Tj we obtain that 9F contains a directed cycle, 
a contradiction. 
(3) By Proposition 4.3.1, the label set of Tp contains at least one element of X. 
It follows that either the forest contains one tree with three vertices (one of them 
being p) or else it contains exactly two trees with two vertices. In the former case, 
there are n - 2 isolated leaves, hence mg(T, T') = n - 2. In the latter one, there 
are n - 1 components: one containing p and a leaf, one containing two leaves, and 
n - 3 isolated leaves. Consequently, mg(T, T') = n - 2. D 
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4.5 When does drsPR equal h? 
Though the maximal difference between hand drSPR can be large for large n (as we 
will show in Section 4.6), they are equal for small enough trees. 
Proposition 4.5.1. Let I and I' be two rooted binary phylogenetic X -trees. If 
1 :::; n = IXI :::; 5, then 
drSpR(I, I') = h(I, I'). 
Proof. The statement clearly holds for n E {I, 2}. 
If n = 3, at most one rSP R operation can be performed, so according to Propo-
sition 4.4.1, we have drSpR(I, I') = h(I, I'). For n = 4, at most two rSPR opera-
tions can be applied. If drSpR(I, I') = 2, then drSpR(I, I') :::; h(I, I') = 4-2 = 2, 
so we obtain the equality. 
If n = 5, at most three rSP R operations can be performed. If drSpR(I, I') E 
{I, 3}, then from Proposition 4.4.1 and respectively Corollary 4.2.4, it follows that 
h(I, 7') is equal to 1, respectively to 3. 
We will prove that if h(I,7') = 3 then drSpR(I, I') = 3. Assume that 
h(I,7') = 3 and drSpR(I, I') = 2. Then there exists a maximum agreement 
forest :F = {Tp, 71, 12} for I and I' that is not a good agreement forest. Only the 
following cases are possible: 
Case 1) The tree Tp is the rooted phylogenetic tree consisting of a single vertex 
labelled by p, and 71 and 12 are rooted phylogenetic trees with two, respectively 
three leaves labelled by elements of X. 
By adding the root p to 12 and considering the leaves of 'Ii as isolated vertices, 
we obtain a good agreement forest with only two components not containing the 
root. It follows that h(I, I') = 2, a contradiction. 
Case 2) The tree Tp is a rooted X'-tree with one leaf labelled by an element of 
X and the root labelled by p. Both 'Ii and 12 are rooted phylogenetic trees with 
two leaves labelled by elements of X. If we adjoin 71 to Tp and take the leaves of 
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72 as isolated vertices, we obtain a good agreement forest, and again it follows that 
h(T, T') = 2, a contradiction. D 
Note that h(T, T') = drsPR(T, T') whenever there exists a maximum agreement 
forest that is also a good agreement forest. In Chapter 5 we will discuss this in detail 
and we will show how we can construct a minimal regular hybrid 'H that displays 
T and T' starting from an appropriate sequence of rSPR operations. 
4.6 How large can h(I, I') - drSpR(I, I') be? 
In this section, we will construct pairs of rooted binary phylogenetic X-trees (T, T') 
for which the difference between h(T, T') and drspR(T, T') is large. 
Proposition 4.6.1. For any n ;:: 4 there exist two rooted binary X -trees T and T' 
with IXI = nand 
and 
h(T, T') = n - 2. 
Proof. Let T and T' be the two trees in Figure 4.11. We have proved (Proposition 
4.4.3) that h(T, T') = n - 2. 
We show now that drspR(T, T') = l nt1 J. Suppose that n is even. First, let us 
observe that an agreement forest F for T and T' can be obtained by taking each 
adjacent pair 2i -1, 2i (i E {1, 2, ... ,n/2}) and p to be the label sets of the n/2 + 1 
components of F. Thus, drspR(T, T') ~ n/2. 
In order to prove that drspR(T, T') ;:: n/2, we assume that there exists a maxi-
mum agreement forest F' for T and T' with less than n/2 + 1 components. If the 
component Tp of F' contains also a leaf i E X for some i E {1, 2, ... ,n} then all the 
other leaves have to be isolated vertices of F'. Since each tree of an agreement forest 
for T and T' contains at most two vertices labelled by elements of X, it follows that 
IF'I E {n - 1, n}, so IF'I ;:: n/2 + 1, a contradiction. Therefore, p labels an isolated 
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vertex of F'. Since IF'I < n/2 + 1 it follows that there exists a component of F' 
with at least three leaves labelled by elements of X, a contradiction, for in this case 
F' is not an agreement forest for 7 and 7'. 
The proof in the case where n is odd is similar. 
/\/\ /\ 
1 2 3 4 n-l n 
F(T,T') 
• 
p 1 2 
•• •• 
34 ... n-ln 
Q(T,T') 
D 
Figure 4.12: A maximum agreement forest F(7,7'), and a maximum good agree-
ment forest 9(7,7') for the trees in Figure 4.11. 
Proposition 4.6.2. For any n ?:: 4 there exist two rooted binary X -trees 7 and 7' 
with IXI = n and such that 
drspR(7,7') = 2 
and 
h(7,7') = In/2J. 
Proof. Let n ?:: 4 and X = {1, 2, ... ,n} and consider the two trees shown in Figure 
4.13, where k = In/2J. The tree 7' is obtained from 7 by applying two rSPR op-
erations. In the first operation, the subtree with the set of leaves Xl = {1, 2, ... ,k} 
is pruned and reattached up to the root. For the second operation, the subtree with 
the leaves X 2 = {k + 1, k + 2, ... ,n} is pruned and reattached to the arc ending in 
1. A maximum agreement forest for 7 and 7' is shown in Figure 4.14. 
We will show that a good agreement forest for 7 and 7' should have at least k 
components that do not contain the root. 
First, let us observe that F = {Tp, 71, ... 'lk}, where Tp is the tree obtained by 
adding p to 71X2 , and ~ is the leaf labelled by i, i E Xl, is a good agreement forest 
for 7 and 7'. 
Then we make the following observations: 
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Figure 4.13: Two rooted binary phylogenetic trees T and T' such that h(T, T') = 
In/2J. 
/ 
/ 
/ 
/\. 
1 2 
• 
1 
/ 
11 
• 
2 
k 
/ 
/ 
/ 
/ 
/\. 
1 k k+1 k+2 
• • 
k -1 k 
~-1 ~ 
a) 
b) 
T2 
k+1 k+2 
• 
n-1 n p 
Tp 
p 
n-1 n 
Figure 4.14: a) A maximum agreement forest for T and T. b) A maximum good 
agreement forest for T and T'. 
(i) In an agreement forest for T and T, any tree with more than three leaves 
should have all the leaves either in Xl or in X 2 . 
(ii) If an agreement forest contains one tree with two leaves i and j, i E Xl and 
j E X 2 , then all the other components with elements from X should be isolated 
vertices (leaves). (The root p is added to the component with the leaves i,j.) 
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(iii) A good agreement forest cannot contain one tree with more than two leaves 
from Xl and one tree with more than two leaves from X 2 . 
It follows from (i)-(iii) that we can construct a maJCimum good agreement forest 
for T and T' in the following way: let'Yp be the tree obtained by adding p to TIX2 
and the other components as isolated vertices (leaves). Hence:F is a maximum good 
agreement forest for T and T' and therefore h(T, T') = k. D 
Note that the result in Proposition 4.11 slightly improves the lower bound ob-
tained in [51] for the diameter of the space of rooted binary phylogenetic trees, 
measured using drSPR. 
We can use Proposition 4.4.1 and Proposition 4.6.2 to show that hand h:}: do 
not satisfy the triangle inequality. 
Proposition 4.6.3. There exist three rooted binary phylogenetic trees Tl, 72 and 73 
such that 
h(Tl,73) > h(Tl, 72) + h(72, 73). 
Proof. Consider the rooted binary phylogenetic trees shown in Figure 4.15. Note 
that Tl and 73 are the phylogenetic trees from Proposition 4.6.2 in the particular 
case when n = 6. 1 Then drSpR(Tl, 72) = drSpR(72 , 73) = 1 and therefore h(Tl, 72) = 
h(72, 73) = 1. On the other hand, h(Tl,73) = 3. D 
1 2 345 6 
Ii 
123 6 5 4 321654 
T3 
Figure 4.15: Three rooted binary phylogenetic trees to prove that h does not satisfy 
the triangle inequality. 
1 Note that at least six leaves are needed to construct such an example. 
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4.7 Some remarks on h r (7i,72) 
This section is joint work with S. Grunewald, K.Huber and V. Moulton [6]. 
For two rooted binary phylogenetic trees Ii and ~, 
Is it possible to compute hr(Ii,~) starting from h(H[Ii, ~])? More precisely, can 
we construct a regular hybrid that displays two trees with a minimum number of 
hybrid events starting from the cluster union hybrid? Or, equivalently, starting from 
the union of clusters of the two trees, can we define an operation on the collection 
of clusters such that, by successively applying this operation, we obtain a set of 
clusters corresponding to a minimal regular hybrid that displays the two trees? 
Let us first introduce some definitions and notations. Let C be a collection of 
clusters on X. If (A, B) E C x C such that B s;.; A we say that A is a parent of B, 
and B is a child of A. Denote by 
Lc = {(P, C) E C x clC is a child of P}. 
Let C and C' be two cluster systems on X. We say that C' properly displays C if 
the following conditions hold: 
(PI) For any C E C there exists Qc E C' such that C ~ Qc and Qc ~ Q for all 
Q E C' such that C ~ Q. (Qc is well-defined for any C E C.) 
(P2) Qc = QCf =?- C = C'. 
(P3) Let C1 ,C2 ,P1 ,P2 E C, C1 =1= C2 such that for every i E {1,2}, Ci is a child of 
Pi. Then, for Q E C', we have 
Note that from (PI)-(P3) it follows that Qc = QCf holds if and only if C = C' holds 
and that Qc s;.; QCf holds whenever C s;.; C' holds. 
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Ho = H[Ti, T2J 
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Figure 4.16: Two rooted phylogenetic trees 'Ii and 72 and the cluster union hybrid 
'Ho. 
qo (12,24,34,35,56,135,246,1234) 
ql (12,24,34,35,56,135,12346,1234) 
q2 (12,24,34,35,1356,1356,12346,1234) 
q3 (12,234,34,35,1356,1356,12346,1234) 
q4 (12,1234,34,35,1356,1356,12346,1234) 
qb (12,24,34,35,56,135,246,1234) 
q~ (12,24,34,35,56,135,246,12346) 
q; (12,24,34,35,56,1356,246,12346) 
q~ (12,24,34,356,356,1356,246,12346) 
q~ (12,1234,2346,356,356,1356,2346,12346) 
Figure 4.17: The changing of clusters described by a sequence of vectors: the se-
quence qo-q4 corresponds to the sequence of hybrids 'H1-'H4; qo-q4 corresponds to 
the hybrids 'H~-'H~. At each step, the operation is applied to the clusters in bold 
font, the clusters that are replaced are underlined. 
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1 2 4 3 5 6 1 2 4 3 5 6 
1 2 4 3 5 6 1 2 4 3 5 6 
1 2 4 3 5 6 1 2 4 3 5 6 
1 2 4 3 5 6 1 2 4 3 5 6 
Figure 4.18: Two possible sequences of hybrids 'H1-'H4 , and respectively 'H~-'H~, 
obtained by succesively applying the operation, starting with 'Ho. The hybrid 'H4 is 
a minimal one; the hybrid 'H~ is not. 
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Proposition 4.7.1. Let T be a rooted phylogenetic X -tree and H a regular hybrid 
phylogeny on X. If c(H) properly displays c(T) then H displays T. 
Proof. For each C E c(T) consider the corresponding Qc E c(H), and for every 
(P,C) E Lc(T) consider a chain K(Qp,Qc) : Qc s: A1 s: ... s: AS: Qp in c(H). 
Then the cover digraph of the cluster set {Q : Q E K(Qp, Qc), (P, C) E Lc(T)} is a 
rooted sub digraph of H that is a refinement of T. It follows that H displays T. D 
Now observe that if T is a rooted phylogenetic X -tree and H is a hybrid on X 
such that c(T) s: c(H), then c(H) properly displays c(T), and therefore H displays 
T. Indeed, if c(T) s: c(H) then Qc = C for each C E c(T). It follows that 
Qc is well-defined, and property (P2) is satisfied. To prove that (P3) holds, let 
(~, Ci) E Lc(T) , i = 1,2 with C1 =I- C2 . Since Pi, Ci are clusters of a tree, the 
following cases are possible: 
(1) C2 c P2 s: C1 C P1 , 
(2) C1 c P1 s: C2 C P2 , 
(3) P1 = P2 , and 
(4) P1 n P2 = 0. 
It is easily seen that if there exists Q E c(H) such that C1 U C2 s: Q s: P1 n P2 then 
Q E {C1 , P1 } n {C2 , P2 }. 
As a consequence, if 7i and 72 are two rooted phylogenetic X -trees and H is a 
regular hybrid phylogeny on X, then c(H[7i, 72]) = c(7i) U c(72) properly displays 
c(7i) and c(72). 
N ow we can define our operation. Let 7i and 72 be two rooted phylogenetic 
X -trees and denote by Ci = c(7i). Let C be a cluster system on X that properly 
displays C1 and C2 and satisfies the following property: 
(P4) VR E C there exists C E c(7i) U c(72) such that R = Qc. 
For R E C denote by R the set of parents of R in C. 
Suppose there exist C1 E C1 , C2 E C2 such that 
• QCf =I- QCl VC~ E C2 and Qq =I- QC2 VC~ E C1 
(QCi is used by only one of the trees.) 
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• QC1 n QC2 =I- 0 
(QC 1 and QC2 have at least one parent in common.) 
Modify C as follows. For C1 and C2 as above: 
(i) If V D E Q C1 n Q C2' Q C1 U Q C2 S;; D (for any common parent the union is a strict 
subset) then add QC1 U QC2' In addition, if V D E QCi we have QC1 U QC2 S;; D 
and if QC1 U QC2 has been added, then remove at least one of QCi' i = 1,2. 
(ii) If QC1 U QC2 E QC1 n QC2' and QC1 U QC2 =I- Qc, VC E C1 (respectively C2 ), 
(the union is used by only one of the trees), then remove QC2 (respectively 
QcJ. 
By applying operations (i)-(ii), the obtained collection C
' 
of clusters properly 
displays the cluster system of each tree and (P4) is satisfied. It follows that the 
regular hybrid H' corresponding to C' displays both 7i and 12. 
If we denote by H the regular hybrid with the cluster set C, we can observe that, 
by applying the operations (i)-(ii), h(H) could increase. Indeed, let Q be a cluster 
of C (corresponding to a vertex of H), and P and C a parent (respectively a child) of 
Q in C. By removing Q, in the new hybrid H', the arcs corresponding to (P, Q) and 
( Q, C) are removed and if there is no path from P to C in H that does not contain 
Q then a new arc (P, C) is added. If we denote by m the number of parents of Q, by 
l the number of children, and by p the number of pairs (P, C) such that there exists 
a path from P to C not containing Q, then IA(H')I=IA(H)I +ml- (m+l) -po Also 
IV(H') I = IV(H)I- 1. Therefore, if ml - (m + l) - p - 1 ~ 0 then h(H') ~ h(H). 
We can use this operation to sometimes obtain hr (7i, 12) in the following way. 
Let 7i and 12 be two rooted binary phylogenetic X -trees. Denote by Ci = c(7;,) 
and let H be the cluster union hybrid H = H[7i, 12J. Then c(H) properly displays 
Ci and also property (P4) is satisfied. 
Start with the cluster system c(7i) U c(12). Apply the operation until either the 
hybridization number of the corresponding hybrid increases or the operation cannot 
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be applied (no pair of clusters with the required properties is found). The obtained 
regular hybrid H' displays the two trees and h(H') :::; h(H['1i, 72]). 
The changing of clusters can be described by a sequence of vectors in Rn, where 
n = Ic(H['1i, 72]) - Xtrivl· See Figure 4.17. 
Unfortunately, hr ('1i,72) cannot always be obtained. The sequence of regular 
hybrids depends on what cluster is kept when applying operation (i). Consider for 
example the two trees in Figure 4.16. Two possible sequences of hybrids H 1-H4 , 
and respectively H~-H~, obtained by succesively applying the operation, starting 
with Ho, are drawn in Figure 4.18. The hybrid H4 is a minimal one; the hybrid H~ 
is not. 
Furthermore, it can happen that none of the regular hybrid phylogenies H with 
h(H) = hr ('1i, 72) properly displays '1i and 72, so H could not be obtained by the 
process we described. For example, the hybrid H in Figure 4.19 is a minimal hybrid 
that displays the two trees '1i and 72, but 72 is not properly displayed. Also, in this 
example, property (P4) is not satisfied (the cluster {2,6} of the hybrid does not 
represent any cluster of the two trees). 
1 2 3 4 5 6 
'Ii 
7 1 3 4 5 2 6 
72 
7 1 2 3 4 5 6 7 
1i 
Figure 4.19: Two rooted phylogenetic trees '1i and 72 and a minimal hybrid H that 
displays the two trees but cannot be obtained by applying the operation. 
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4.8 Concluding comments and questions for fu-
ture work 
We have proved that 
drSpR(I, I') :::; h(I, I') :::; n - 2, 
and also that 
h~(I, I') = h(I, I') :::; hr(I, I') :::; h('Ji[I, I'D :::; 3n - 6. 
• It would be desirable to find better upper bounds for hr(I, I'). We conjecture 
that hr(I, I') :::; n - 2. 
• Taking into account the relationship between h(I, I') and drSpR(I, I') (see 
also Chapter 5), we conjecture that computing h(I, T') is an NP-hard prob-
lem. What about the complexity of computing hr(I, I')? 
• Consider the 'vertex-sharing' type of display (let us call it vs-display) intro-
duced in Section 3.8 and define 
hvs(I, I') = min{h('Ji) : 'Ji a hybrid that vs-display I and I'}. 
Note that for the trees in Figure 3.23, hvs(I, I') = 1 < 2 = h(I, I'). We 
conjecture that hvs(I, T') :::; h(I, T'), for any pair of rooted binary trees I 
and I'. What is the relationship between hvs(I, I') and drSpR(I, I')? 
• In Section 4.6 we have constructed pairs of rooted binary trees I and I' for 
which the difference between h(I, T') and drSpR(I, I') is large. A further 
question is the following: For a given n, determine 
f1(n) = inf{h(I, I') - drSpR(I, I') : I, I' E RB(n)} 
or at least find better bounds for f1(n). 
• It follows from [51] and Section 4.6 that n/2 :::; diamrsPRRB(n) :::; n - 2. Can 
these bounds be improved? 
• Develop computational tools based on the model of hybrid phylogenies. 
Chapter 5 
How to construct a minimal 
hybrid-an example from biology 
The aim of this chapter is to show how the graph-theoretic framework developed 
in Chapter 4, particularly good agreement forests, can be used for analysing and 
representing hybrid evolution. 
5.1 How to construct a minimal hybrid 
In Chapter 4, we showed that for any pair of rooted binary phylogenetic trees T 
and T', 
drSpR(T, T') :::; mg(T, T') = h(T, T'). 
For practical reasons, it is useful to have an algorithm that constructs an 'appro-
priate - size' hybrid that displays T and T'. In this section, we describe two such 
algorithms: one that constructs the hybrid starting from a good agreement forest 
for T and T', and the other starting from a sequence of rSPR operations associated 
with a good agreement forest of the two trees. 
First, let us observe that there is a correspondence between sequences of rSPR 
operations that transform T into T' and agreement forests for the two trees. This 
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correspondence is not one-to-one; the same agreement forest can be associated to 
different sequences of rSPR operations. For example the two sequences of rSPR 
operation from Figure 5.1 have the same agreement forest. 
Given a sequence of p rSPR operations 
we can obtain an agreement forest in the following way (see also [11]). 
Step (1). Let {A U p, B} be the partition of X U {p} induced by 61 . Then 
{~1, ~1}, where ~1 = 71(Au{p}), ~1 = 71B, is an agreement forest for 7 and Ii. 
Note that this is always a good agreement forest. 
Step (i). Suppose we have constructed an agreement forest 
{Ti-1 /'T"i-1 /'T"i-1 --r:i-1} p ,L1 ,L2 , ... , Lj 
for 7 and It-1' Also, as in step 1, we construct an agreement forest fr;1, ~i} for 
It-1 and It. The partition £(7/;), £(~i) identifies a unique edge in It-1' hence 
there exists at most one k E {p, 1,2, ... ,j} such that £ (r,:-1 ) n £(7/;) =J 0 and 
£(r,:-1) n £(~i) =J 0. If there is no such k then {7/;-1, ~i-\ ~i-\ ... , 'lji-1} is an 
agreement forest for 7 and It. If such k exists then denote by £k,p = £ (r,:-1 ) n£(~i) 
and by £k,l = £(r,:-1) n £(~i). It follows that 
is an agreement forest for 7 and It. 
Finally, the agreement forest :F obtained in step p is an agreement forest for 7 
and 7'. Note that :F is also an agreement forest for any pair (It, ~) of trees in the 
sequence. 
We show now how a minimal hybrid can be constructed starting from a good 
agreement forest. Let 7 and 7' be two rooted phylogenetic X -trees and let :Fk == 
{'Yp, 71, 72, ... , 1k} be a maximum good agreement forest for 7 and 71. We can 
use the proof of Theorem 4.3.2, to construct a minimal hybrid that displays both 
trees. As:Fk is good, QFk has no directed cycles; whence there exists a vertex of 
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QFk that has out-degree zero. Without loss of generality, we may assume that this 
vertex is 'Tk. Then Fk-l = Fk - {'Tk} is a good agreement forest for 7lXk- l and 
T'IXk- l , where X k- l denotes X - £('Tk). It follows that QFk-l contains a vertex of 
out-degree zero, say 'Tk-l' and so on. For 1 ::; i ::; k, denote by F i - l = Fi - {Ji} 
and by X i - l = Xi - £(Ji). It follows that Fo = {Tp} and Xo = £(Tp). 
• Given 7, 7' and a maximum good agreement forest Fk as above, construct 
Qk = QFk' 
• Choose a vertex 'Tk of out-degree zero and consider Qk-l = Qk - 'Tk. Repeat 
the operation until Qo = Tp is obtained. 
Now we will construct a minimal hybrid starting from To 
adjoining the trees 71, ... ,'Tk. 
• Start with Ho = Tp. 
Tp and succesively 
• Construct the hybrid Hi from Ho by adjoining the root 71 using the edges el 
and e~ such that Hi displays 71(Xo U Xl) and respectively T'I(Xo U Xl)' 
• Repeat the construction for 2 ::; i ::; k. Adjoin succesively the trees 72, ... , 'Tk 
and correspondingly obtain the hybrids H2 , .•. , Hk. 
It is easily seen that in each step the hybridization number increases by one, for 
otherwise Fk is not a maximum agreement forest for 7 and T'. Finally, the hybrid 
H = Hk has h(H) = k and the hybridization vertices are the roots of adjoined trees. 
An example of this construction is given in Figure 5.1(b); the hybrid is obtained 
by applying the previous construction to a maximum good agreement forest for the 
trees 7 and 7' drawn in the same figure. 
Note that the hybrid obtained by applying the above construction is not unique. 
The construction depends on the order in which we attach the subtrees. (There can 
exist more vertices with out-degree zero in Qi, so the order depends on the vertex 
we choose.) 
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In Proposition 4.4.1 we have shown how one can construct a regular hybrid that 
displays two rooted binary phylogenetic trees I and I' for which drSpR(I, I') = l. 
If appropriate sequences of rSPR operations are considered, this construction can 
be adapted for the case drSPR 2': 2. 
The fact that not all sequences of rSPR operations are appropriate for recon-
structing evolutionary histories is not surprising. As pointed out by Maddison [36]: 
"What is needed is a method that counts the minimal number of branch moves 
needed to convert one tree into another, where branch moves are restricted so as 
not to violate a linear time order (one can imagine a series of branch moves that 
cannot possibly happen together, e.g., one move from branch A to branch Band 
then another move from a descendant of B to an ancestor of A)." 
For other approaches to the problem of reconstructing phylogenetic networks 
from sequences of rSPR operations, see for example [40, 52]. 
We now show how a minimal hybrid can be constructed starting from a sequence 
of rSPR operations. 
Let I and I' be two rooted binary phylogenetic trees such that drSpR(I, 7') = k. 
Then there exists a sequence Bi , 1 :s; i :s; k, of rSPR operations: 
rr rr el rr e2 rr e3 ei-l rr ei rr ei+l rr ei+2 ek rr rrl 
1 = 10 ----t 11 ----t 12 ----t • •• ----t 1 i -1 ----t 1 i ----t 1 i+ 1 ----t ••• ----t 1 k = 1 , 
where for each 1 :s; i :s; k, Bi is a rSPR operation that prunes the subtree Si-1 with 
the root ai-1 Of'Ii-1 and regrafts it up to the vertex Ci-1, by subdividing the arc 
incident to Ci-1. Construct a rooted digraph as follows: 
• Start with Vo = To = T. 
• Step(1). Let V 1 be the digraph obtained from Vo in the following way: Sub-
divide the arc incident to Co by a new vertex Vo and add a new arc from Vo 
to ao. Denote by Po the arc incident to ao in To. Then it is easily seen that 
V 1 - Po is a refinement of Tl, and V 1 is a hybrid that displays both To and Tl. 
• Step(i). Suppose that V i - 1 has been constructed. Let 'Ii be the tree obtained 
from 'Ii-1 by applying the operation Bi . Construct a digraph Vi by modifying 
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'Di - I as follows. Subdivide the arc incident to Ci-I (corresponding to the unique 
arc in the tree on which the rSPR operation was being performed) by a new 
vertex Vi-I, and add a new arc (Vi-I, ai-I). Let Pi-I be the set of arcs that 
subdivides the arc incident with ai-I in 'Ii-I. Then 'Di - {PO,PI,.' ,Pi-I} is a 
refinement of 'Ii. 
After k steps, the obtained digraph 'D = 'Dk contains refinements of To, 71, ... 'Ik 
as sub digraphs. If 'D is acyclic, then ('D, 'ljJ), where 'ljJ is the leaflabelling of To, is a 
hybrid phylogeny that displays all the trees in the sequence (in particular, displays 
To and 'Ik), and h('D) = k. 
An example ofthis construction is the hybrid drawn in Figure 5.1(a). The added 
arcs are represented by arrows, and the arcs on the paths Pi are shown by dashed 
lines. 
The above construction can induce directed cycles, so if this is the case, the 
obtained digraph is not a hybrid. An example is given in Figure 5.3 a). Note that 
the agreement forest corresponding to the sequence of rSPR operations used in the 
construction of the digraph drawn in Figure 5.3 is not a good agreement forest. Also, 
the hybrid in Figure 5.3 b) is obtained by applying the construction to a sequence 
of four rSPR operations that has attached a good agreement forest. As we will show 
later, this fact is not a coincidence. I 
Denote by drSpR(I, I') the minimum number of rSPR operations required to 
transform I into I' such that the above construction does not induce cycles. 
It follows that mg(I, 7') = h(I, I') :::; drSpR(I, I'). The following proposition 
shows the relation between good agreement forests and sequences of rSPR operations 
appropriate for constructing hybrid phylogenies. 
Proposition 5.1.1. Let I and 7' be two rooted phylogenetic X -trees. Then 
1 Actually, the idea of introducing the notion of good agreement forest was inspired by this 
'bad' digraph. 
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Proof. We have to prove that drSpR(T, T') :s; mg(T, T'). The proof is by induction 
on mg(T, T'). 
Clearly, the inequality holds for mg(T, T') = O. Now assume the result holds 
for all pairs of rooted binary phylogenetic X -trees for which the minimum number 
of components over all good agreement forests is at most k, and let mg(T, T')) = k. 
Then there exists F = {Tp, 71, ... ,'lk} a maximum good agreement forest for T and 
T'. Using the same ideas as in the proof of Theorem 4.3.2, it follows that one of the 
trees in F, say 'lk, is a rooted subtree of both T and T'. Then Fk = F - {'lk} is a 
good agreement forest for TI(X - £(Xk)) and T/I(X - £(Xk)), with IFkl < IFI. 
By induction assumption, it follows that there is a sequence of at most k - 1 
rSPR operations from TI(X -£(Xk)) to T'I(X -£(Xk)) such that the corresponding 
digraph 1-lk is a hybrid on X - £(Xk). By applying the same sequence of operations 
to T, we obtain an X -tree T" containing a refinement of T' I (X - £ (X k)) and 7k as 
subtrees. Also, by applying to T the construction corresponding to this sequence, 
we obtain a hybrid 1-l on X that displays T and T", and contains 1-lk and 'lk as 
subdigraphs. Moreover, there is no directed path in 1-l from a vertex of 'lk to a 
vertex of 1-lk. 
Now, let us observe that T' can be obtained from.T" by a single rSPR opera-
tion that prunes 'lk and reattaches it to the correct place. Corresponding to this 
operation, a new arc is added to 1-l, from a vertex that subdivides an arc in 1-lk to 
the root of'lk. The obtained digraph corresponds to a sequence of at most k rSPR 
operations and is acyclic. The conclusion now follows. o 
Consequently, we have that 
h(T, T') = drSpR(T, T'). 
Note that the hybrid obtained starting from a sequence of rSPR operations 
associated to a maximum good agreement forest F might be different from the hybrid 
constructed directly from F. (See Figure 5.1 for an example.) Also, let us observe 
that the hybrid, 1-l say, obtained by either of the constructions is not necessarily 
regular. However, if a regular hybrid is needed, we can apply the construction 
indicated in Proposition 3.5.1 (add extra-leaves) to 1-l, and obtain a regular hybrid 
with the same hybridization number. 
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Figure 5.1: Two sequences of rSPR operations (i) and (ii) that transform T into T' 
and two hybrids that display both trees. 
98 How to construct a minimal hybrid-an example from biology 
(2) 
26543 432 
T 
2 4 5 6 
(~ 
2 4 5 6 2 3 4 5 6 
(i) 
A A A • • • 
2 3 4 5 6 P 5 4 
5 6 
2 
• • 
2 
2 
456 
A(ii) 
6 
456 
Figure 5.2: Two sequences of rSPR operations and the associated agreement forests: 
the sequence (1)-(3) corresponds to drSpR(I, I'); (1')-(4') corresponds to h(I, I'). 
1 2 3 
a) 
4 5 6 1 2 3 4 5 6 
b) 
Figure 5.3: Two digraphs corresponding to the sequences of rSPR operations repre-
sented in Figure 5.2: a) The digraph 1) corresponding to the sequence (1)-(3) is not 
a hybrid as it contains cycles. b) A minimal hybrid corresponding to the sequence 
(1')-(4') of rSPR operations. Note that it displays the initial and the final trees as 
well as all the trees in the sequence. 
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5.2 'Reducing' the problem 
Since computing the rSPR distance between two rooted binary phylogenetic X -trees 
is NP-hard [11], and taking into account the results in Section 5.1, it seems very 
likely that computing h(T, T') (and finding a maximum good agreement forest) is 
also NP-hard. 
Confronted with the problem of computing h(T, T'), one can try to reduce the 
problem to 'small' trees, by considering common clusters for T and T'. We next 
consider this problem. First, we consider the restrictions of the two X -trees to a 
common cluster A and to X - A. 
Proposition 5.2.1. Let T and T' be two rooted binary phylogenetic X -trees, and 
suppose that there exists a cluster A E c(T) n c(7'), A =1= X. Let A = X-A. Then 
h(T, T') - 1 ::; h(TIA, T'IA) + h(TIA, T'IA) ::; h(T, T'). 
Proof. For the first inequality, let FA = {1/, ?;:A, ... , 'JiA} be a maximum good 
agreement forest for TIA, T'IA and FA = {~A, ?;:A, ... , ~A} be a maximum good 
agreement forest for TIA, T'IA. We will prove that F = {~AIA, Tt, ... , 'JiA} U FA 
is a good agreement forest for T and T'. 
Clearly, F is an agreement forest for T and T'. Denote by ri the root ofT(£(~A)) 
and by rj the root of T(£(Tl)). Assume now that F is not a good agreement forest. 
Therefore there exists a directed cycle in OF. Since FA and FA do not contain cycles, 
it follows that this cycle contains at least one vertex ri and one vertex rj. Then 
there exists a directed path in OF from ri to rj and a directed path from rj to rio 
Therefore ri is an ancestor of rj in T (or 7') and rj is an ancestor of ri in 7' (or 
T). It results that A is not a common cluster of both trees, a contradiction. 
As in a good agreement forest p is not an isolated vertex (Lemma 4.3.1), it follows 
that IFAI + IFAI = IFI· 
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Therefore, 
h(TIA, T'IA) + h(TIA, T'IA) - IFAI - 1 + IFAI- 1 
IFI-1-1 
> h(T, T') - 1. 
For the second inequality, consider a maximum good agreement forest F for T 
and T'. There are two possible cases to consider: 
(i) there exists 7i E F such that £(7i) n A =1= 0 and £(7i) n (A U {p}) =1= 0, and 
(ii) for all 7i E F, either £(7i) ~ A or £(7i) ~ (A U {p}). 
Case (i). If there is a tree 7i with the properties in case (i), then T(£i) contains 
the root of TIA. It follows that 7i is unique with the properties from (i) for otherwise 
F is not an agreement forest. Now let x E £(7i) n (A U p) and let 7i,A be the tree 
obtained from 7i1(A U x) by relabelling x as p. Then FA = {'1j E F : £('1j) ~ 
A} U {Ti,A} is a good agreement forest for TIA and T'IA. Also FA = {'1j E F : 
£('1j) ~ AU{p}}U{7iI(AU{p})} is a good agreement forest for TA and T-Jr. Hence, 
IFI = IFAI + IFAI - 1, and 
h(T, T') IFI-1 
IFAI + IFA - 1 - 1 
> h(TIA, T'IA) + h(TIA, T'IA). 
Case (ii). Since 9F does not contain directed cycles, it follows that the subdi-
graph of 9F corresponding to the set {7i E F : £(7i) ~ A} does not contain directed 
cycles. Thus, this subdigraph has a vertex of in-degree zero, say To. Let To,p be the 
tree obtained from To by adding p at the end of a pendant edge adjoined to the root 
of To. Then FA = {7i E F: £(7i) ~ A} - {To} U {To,p} is a good agreement forest 
for TIA and T'IA. Also, FA = {'1j E F : £('1j) ~ AU {p}} is a good agreement 
forest for TA and T-Jr. So, in this case, IFI = IFAI + IFAI, and 
h(T, T') > h(T, T') - 1 IFI-1-1 
IFAI + IFAI- 1 - 1 
> h(TIA, T'IA) + h(TIA, T'IA). 
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This completes the proof of the proposition. o 
The following two corollaries can be used to approximate h(T, T'). 
Corollary 5.2.2. Let T and T' be two rooted binary phylogenetic X -trees and 
suppose that there exists a cluster A E c(T) n c(T'), A -=1= X, and such that TIA = 
T'IA. Let A = X - A. Then 
h(T, T') - 1 ::; h(TIA, T'IA) ::; h(T, T'). 
In particular, for each x E X we have: 
h(T, T') -1::; h(TI(X - {x}), T'I(X - {x}))::; h(T, T'). 
Proof. If TIA = T'IA then h(TIA, T'IA) = O. In particular, h(TI{x}, T'I{x}) = o. 
The result follows from Proposition 5.2.1. o 
Corollary 5.2.3. Let T and T' be two rooted binary phylogenetic X -trees. Then 
for any A c X we have: 
h(T, T') -IAI ::; h(TI(X - A), T'I(X - A)) ::; h(T, T'). 
Proof. Let A = {Xl, X2, ... , Xk} eX. For p E {1, 2, ... , k}, denote by 
Observe that, with this notation, 
hk = h(TI(X - A), T'I(X - A)). 
Now by succesively applying Corollary 5.2.2 we have: 
h(T, T') - 1 < hi < h(T, 7') 
hi - 1 < h2 < hi 
By adding the above inequalities we obtain: 
h(T, T') - k ::; hk ::; h(T, T'). 
o 
102 How to construct a minimal hybrid-an example from biology 
The next corollary provides an alternative proof of Proposition 4.4.2. 
Corollary 5.2.4. Let I and I' be two rooted binary phylogenetic X -trees. Then 
o ~ h(I, I') ~ IXI - 2. 
Proof. Let x,y E X and let A = X - {x,y}. From Corollary 5.2.3, it follows that 
h(I, I') - (IXI- 2) ~ h(II{x, y}, I/I{x, y}) ~ h(I, I'). 
Then observe that h(II{x,y}, I/I{x,y}) = o. o 
The following proposition shows how h(I, I') can be obtained by reducing the 
problem to certain trees with a smaller number of leaves. 
Proposition 5.2.5. Let I and I' be two rooted binary phylogenetic X -trees, and 
suppose that there exists a cluster A E c(I) n C(I/). Let I and I' be the trees 
obtained from I (respectively I') by replacing the subtree having A as the set of 
leaves with a new leaf a ¢: X. Then 
h(IIA, I'iA) + h(I, I') = h(I, I'). 
Proof. Clearly, the equality holds when A = X. Let us discuss now the case A -=1= X. 
First, we will prove that h(IIA, I/IA)+h(I, I') ~ h(I, I'). Denote by A = X-A. 
Then £(I) = £(I/) = A u {a}. Let FA = {1/, T/, ... , ~A} be a maximum 
good agreement forest for IIA and I'iA and FA a be a maximum good agreement 
, 
forest for I and I'. Since a E £(I), there exists a tree 7j,a in FA,a such that 
a E £(7j,a)' Let 'Fa be the tree obtained from 7j,a by replacing a with I/. Then 
F = FA U FA,a - {I/, 7j,a} U {'Fa} is a good agreement forest for I and T' and 
IFI = IFAI + IFA,al- 1. It follows that 
h(IIA, I'iA) + h(I, I') - IFAI- 1 + IFA,al - 1 
IFI-1 
> h(I, I'). 
We prove now that h(IIA, I'iA) + h(I, I') ~ h(I, I'). Let F be a maximum 
good agreement forest for I and I'. There are two possible cases to consider: 
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(i) there exists Ti E F such that £(Ti) n A i- 0 and £(Ti) n (A U {p}) i- 0, and 
(ii) for all Ti E F, either £(Ti) ~ A or £(Ti) ~ (A U {p}). 
Case (i). If there is a tree Ti with the properties in case (i), then T (£i) contains the 
root of TIA. It follows that Ti is unique with the properties from (i) for otherwise 
F is not an agreement forest. 
Now let x E £(Ti) n A and let T; A be the tree obtained from Til (A U {p} U {x}) 
, 
by relabelling x as a. Also, let Ti,A be the tree obtained from TiIA by adding p at 
the end of a pendant edge adjoined to the root of TiIA. 
Then 
is a good agreement forest for TIA and T'IA and 
is a good agreement forest for T and T'. Hence, IFI = IFAI + IFA al- 1, and , 
h(T, T') IFI-1 
IFAI + IFAI - 1 - 1 
> h(TIA, T'IA) + h(T, T'). 
Case (ii). Since OF does not contain directed cycles it follows that the sub digraph 
of OF corresponding to the set {Ti E F : £(Ti) ~ A} does not contain directed cycles. 
Thus, this subdigraph has a vertex of in-degree zero, say To. Let To,p be the tree 
obtained from To by adding p at the end of a pendant edge adjoined to the root of 
To. Then 
FA = {Ti E F: £(Ti) ~ A} - {To} U {To,p} 
is a good agreement forest for TIA and T'IA. Also, 
FAa = {'lj E F: £('lj) ~ A U {pH U {a} , 
104 How to construct a minimal hybrid-an example from biology 
is a good agreement forest for I and If. So, in this case, 1.1'1 = IFAI + IFA al - 1, 
, 
and 
h(I, If) 1.1'1-1 
IF AI + IFAI - 1 - 1 
> h(IIA, IfIA) + h(I, If). 
This completes the proof of the proposition. D 
Note that a similar result does not hold for drsPR as the following example 
shows [12]. Consider the trees I and T' in Figure 5.4. Then A = {1,2,3,4} 
is a common cluster for I and If. It is easily seen that drspR(I, If) = 3 and 
drspR(IIA, IfIA) = 2. Also, drspR(I, If) = 2. 
z x z 
4 
3 2 
1 2 T Tf 3 4 
Figure 5.4: Two rooted phylogenetic trees I and If with a common cluster A = 
{1, 2, 3, 4} such that drspR(IIA, IfIA) + drspR(I, If) > drspR(I, If). 
If the collection of common clusters of I and If partition X, the problem of 
finding h(I, T') is reduced to computing the minimum hybridization number for 
the restriction of the two trees to each common cluster. 
Corollary 5.2.6. Let I and T' be two rooted binary phylogenetic X -trees. Suppose 
that there exists a partition {Ai, A2, ... ,Ap} of X such that A E c(I) n c(T') for 
all i E {1, 2, ... ,p}. For each i E {1, 2, ... ,p} replace IIA respectively T'IA by a 
new leaf li 1:. X) and denote by I and If the trees obtained from I respectively T' 
in this way. Then £(I) = £(If) = {h, l2, . . . lp} and 
p 
h(I, If) = h(I, If) + L h(IIAi, IfIAi). 
i=l 
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Proof. The case p = 1 holds by Proposition 5.2.5. Assume now that p ?: 2 and 
construct the trees Ti and 7;', i E {l, 2, ... ,p }, as follows. Set To = I and n = I'. 
Having constructed the trees 'Ik and T,:, 0 ~ k < i, let Ti be the rooted phylogenetic 
tree obtained from Ti-l by replacing IIA with the leaf li' Similarly, we obtain 7;' 
from 7;'-1' Then for each i E {l, 2, ... ,p}, Ti-1JA = IIA and 7;'-lIA = T'IA. 
Furthermore Tp = I and r; = I'. 
By applying Proposition 5.2.5 we obtain 
and by summation we have 
p 
h(I, I') = h(I, I') + L h(IIAi, I'iA). 
i=l 
o 
Corollary 5.2.7. Let I and I' be two rooted binary phylogenetic X -trees. Suppose 
that there exist Ai, A2 E c(I) n C(T') such that Ai U A2 = X. Then 
Proof. By applying Corollary 5.2.6 we obtain that 
Then observe that I, I' are isomorphic as they are rooted binary phylogenetic trees 
with the leaves labelled by it and l2, so h(I, I') = O. The result now follows. 0 
The result obtained in Corollary 5.2.6 suggests, for this particular case, a method 
to construct a minimal hybrid: 
• Consider common clusters A, 1 ~ i ~ k of I and T' that partition X. 
• In I (respectively I') replace each cluster A by a new leaf k Denote by I 
(respectively by I') the trees obtained in this way. Construct a hybrid 1{ for 
these trees; £('H) = {it, l2,"" lk}. 
• For each i, construct a hybrid 'Hi corresponding to IIA and I'iA. 
• Replace each leaf li by 'Hi and obtain a hybrid 'H. 
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5.3 An example from biology 
Consider the two trees in Figure 5.6. Our aim is to estimate the minimum hybridiza-
tion number of a hybrid that displays both trees. The trees T and T' are not binary. 
However, we denote by h(T, T') the minimum number of hybrid events required to 
display T and T' by a single hybrid phylogeny and we show how we can restrict our 
discussion to the binary case. Then the main idea is to replace common clusters by 
leaves and apply Corollary 5.2.6. If for a cluster C E c(T) n c(T'), TIC equals or is 
a refinement of T'IC (or vice versa) then we will assume that both can be replaced 
by the same binary tree and consequently h(TIC, T'IC) = O. The common clusters 
we consider and the relationship between the restriction of T (respectively 7') to 
each cluster are represented in Figure 5.5. Note that {Ai, A2, ... , A15 } is a partition 
of X and each A is a common cluster of the trees T and T'. 
Ai 1,2,3,4,5 T'IAl is a refinement of TIAl 
A2 6,7, ... ,13 TIA2 is a refinement of T'IA2 
A3 17,18,19,20 TIA3 is a refinement of T'IA3 
A4 15,16 TI A4 = 7'IA4 
A5 14 TIA5 =T'IA5 
A6 21,22, ... ,33 2:::; h(TIA6, T'IA6) :::; 3 
A7 34,35 
As 36,37 
Ag 38 TIA = T'IA, 7:::; i :::; 13 
AlO 39 
All 40 
A12 41 
A13 42 
A14 43,44,45 TIA14 is a refinement of T'IA14 
A15 46 TI A14 = T'I A14 
Figure 5.5: The clusters we consider for the trees in Figure 5.6. 
Then let us observe that by pruning from T, respectively from T', the subtrees 
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1 1 
Al Al 2 2 
3 3 
4 4 
5 5 
6 17 
7 A3 20 
8 18 
9 19 
A2 10 6 
7 11 7' 7 
12 8 
13 9 
14 A2 10 
15 11 
16 12 
17 13 
A3 18 22 
19 23 
20 21 
21 A6 24 
22 25 
23 26 
24 27 
25 28 
26 29 
27 30 
28 31 
29 32 
A6 30 33 
31 A4 15 
32 16 
33 46 
34 14 
35 34 
36 35 
37 42 
38 Ag 40 
39 AlO 39 
40 All 41 
41 A12 As 36 
42 A13 37 
43 43 
44 45 
A15 45 
44 
46 38 
Figure 5.6: Alpine Ranunculi of New Zealand, Quartet puzzle phylogenetic trees for 
nuclear ITS sequence (7), respectively, JSA sequence (7'). Adapted from [34]. 
A15 
A13 
All 
A1D 
A12 
Ag 
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corresponding to clusters Ag , A14 , and A15 we obtain two binary trees 71 and T{ 
and, by applying Proposition 5.2.1 and Corollary 5.2.3 we have that: 
h(T, T') - 3:::; h(71, T;) :::; h(T, T'). 
Let 71, T{ be the trees obtained from 71 (respectively T{) by replacing 71lA and 
'1?I Ai by the same leaf li. Denote by £'1 = £,(71) = £'(T{). If we restrict 71 (respec-
tively T{) to £'2 = £'1-{l5} we simplify the problem as the obtained trees, T2 and 'Ii 
say, have two common clusters 0 1 = {h, l2' l3, l4' l6} and O2 = {h, ls, ho, ll1, h2, h3}. 
On the other hand, from Corollary 5.2.2 it follows that 
h(71, T{) - 1 :::; h(T2, 'Ii) :::; h(71, T{). 
These trees are drawn in Figure 5.7. 
h3 h2/n ho Is 17 16 13 14 Is 12 h 
Ii 
h3 h2/n ho Is 17 16 13 14 
T2 
Figure 5.7: 
Is h2 ho/n h3 l? Is 14 16 b 13 II 
I{ 
7.' 2 
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Now for 72 and T{ and the clusters 0 1 and O2 we can apply Corollary 5.2.7. It 
follows that 
Therefore, we obtain that 
5 ~ h(7i, T{) ~ 6. 
Using the same ideas, it is straigtforward to show that 2 ~ h(TIA6' T'IA6) ~ 3 
(see Figure 5.8). 
33 32 31 30 29 28 27 26 25 2423 22 21 32 33 31 30 29 28 27 26 25 24 21 22 23 
Figure 5.8: 
Taking into account the previous observations and Proposition 5.2.5, we have 
and thus 
7 ~ h(7i, T{) ~ 9. 
Finally, we obtain 
7 ~ h(T, T') ~ 12. 
Now let us consider the restrictions t and t' of T (respectively T') to the set 
£, = {1, 2, ... , 20} (this corresponds to the clusters Ai, 1 ~ i ~ 5 in Figure 5.6), and 
apply the construction described in the end of Section 5.2 to construct a minimal 
hybrid that displays t and t'. For each i = 1,5 replace A by Xi. The corresponding 
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trees t and P are shown in Figure 5.9 a). Note that, in this case, drSpR(t, P) -
h(t, P) = 3. 
Two minimal regular hybrids, 'Hi and 'H2 , that displays t and P are drawn in 
Figure 5.9 b). Note that 'Hi is regular, but for the regularity of 'H2 , two extra leaves, 
Yi and Y2, have been added. 
X5 
a) 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
~ 
Xl X3 X2 X4 X5 Yl X3 Xl X2 X4 X5 Y2 
Hl H2 
b) 
A • • • A • • • 
Xl X5 X2 X3 X4 Xl X4 X2 X3 X5 
(:h <;"12 
c) 
Figure 5.9: The hybrids 'Hi and 'H2 correspond to two sequences of rSPR operations 
that transform Pinto t. The associated agreement forests are ~h, and 92 respectively. 
Chapter 6 
Accumulation phylogenies 
In this chapter, we formalize and analyse a simple model in which evolved character-
istics are passed on to all descendant species. We obtain two main results. First we 
show that the resulting observed sets of characteristics for the species at the leaves 
uniquely determine the digraph that described the evolution of the species, under 
certain restrictions. Second, we characterize when this digraph is actually a tree. 
6.1 Accumulation phylogenies 
Let S be any (finite or infinite) set. An accumulation phylogeny on X is a triple 
(V, A, f) where (V, A) is a hybrid phylogeny on X with the root p, and f is a function 
from A U {p} to 28 (the power set of S) that satisfies the following two properties: 
(PI) the set {f(a) : a E Au {p}} is a collection of pairwise disjoint sets; and 
(P2) for each vertex v E V - {p} we have f (a) =I=- 0 for at least one arc a that ends 
at v. 
Note that f(p), and f(a) (for certain arcs a) can be the empty set. 
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In molecular evolutionary biology we may view (V, A) as modelling the evolution 
of a collection X of extant species from a common ancestor p, allowing for hybrid 
or reticulate evolution. In this setting we may regard S as a set of genes, f(p) as 
the genes present in the most recent common ancestor of the species in X, and for 
each arc a = (u, v), f(a) denotes the genes that arose in the lineage leading from 
(ancestral species) u to v. An accumulation phylogeny models the situation where (i) 
genes arise at most once (condition (P 1)), a situation that is commonly assumed and 
goes under the name 'gene genesis'; and (ii) if a new gene is subsequently lost, some 
'trace' of that gene is at least detectable in all descendant species. Furthermore, we 
assume that S is sufficiently extensive that each descendant species acquires at least 
one new gene (condition (P2)). 
Recently, the gene content of species has been used for reconstructing phylo-
genies (see [54]) by constructing measures of (dis)similarity based on the amount 
of genes shared by two species (we consider this further in the next section). The 
approach we consider here may provide an alternative technique for reconstructing 
the phylogenetic history of species (not necessarily based on a phylogenetic tree) 
using gene content or other types of genomic markers. 
6.2 Accumulation maps 
Suppose that (V, A, f) is an accumulation phylogeny on X. Consider the map a : 
V -+ 28 , defined by setting 
a(v) := f(p) U u f(a). 
aEpath from p to v 
Let a := alX, the restriction of the map a to X. We refer to a (respectively a) as 
the accumulation map on X (respectively on V) induced by (V, A, f) (or, more 
briefly, by (V, A) ). 
Informally, the map a describes how the elements of S 'accumulate' as one 
moves down the digraph, and a(x) describes the resulting subset of S at the leaf x. 
For example, for either of the hybrid phylogenies shown in Figure 6.1 together with 
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1 2 3 4 1 2 3 4 
Figure 6.1: Two accumulation phylogenies on X = {I, 2, 3, 4} with the same induced 
accumulation map a. 
the values j (p) and j (a) as indicated (from the set {80, 81, ... 81O} ), one has a (2) = 
{80, 81, 83, 84, 85, 86, 87}. Our interest in this thesis is in studying what the a(x) 
values tell us about the underlying accumulation phylogeny (V, A, j). As Figure 6.1 
shows, different accumulation phylogenies can give rise to the same accumulation 
map on X. 
6.3 Properties of a and a 
We now provide three lemmas that describe the basic properties of accumulation 
maps. These results will be useful later in the chapter. First, we define some 
terminology. 
Consider a map a : X ---+ 28 . For 8 E S, let 
A(8) := {x EX: 8 E a(x)}, 
and consider the associated family of subsets of X: 
A(a) := {A(8) : 8 E S} U {X}. 
Lemma 6.3.1. Suppose that (V, A, f) is an accumulation phylogeny on X, with 
induced accumulation map a) and with S = UxExa(x). 
(i) For each arc a = (u, v) E A, and each 8 E j(a) we have A(8) = c(v). 
114 Accumulation phylogenies 
(ii) For each s E S, A( s) = c( v) for at least one vertex v E V. 
(iii) For each vertex v E V - {p} there exists at least one element s E S such that 
c(v) = A(s). 
(iv) A(a) = {c(v) : v E V}. 
Proof. (i) First suppose that there exists a E A with s E f(a), and a = (u,v) for 
some u E V. If x E c(v) then v ~D x and so s E a(x). Consequently, c(v) ~ A(s). 
To establish the reverse inclusion, suppose that x E A(s). Then by (PI) there exists 
a path from v to x and so x E c(v). Hence A(s) ~ c(v), and thus A(s) = c(v) as 
claimed. 
(ii) Suppose that s E S. Since S = UxExa(x), there exists an element wE AU{p} 
with s E f(w). By (PI) this element w is unique. If w = p then A(s) = X = c(p). 
Otherwise, if w is an arc, let v denote the end vertex of w. By Part (i) we have that 
A(s) = c(v). 
(iii) For any vertex v E V - {p}, (P2) guarantees that there is at least one arc a 
that ends at v for which f(a) #- 0. Select any s E f(a). Then c(v) = A(s) by Part 
(i). 
(iv) Let A E A(a). Then A = X = c(p) or there exists s E S with A = A(s). 
In the latter case, from (ii), it follows that A(s) = c(v) for some v E V. Conversely, 
let v E V. If v = p, then c(v) = X E A(a). If v#- p, from (iii), it follows that there 
exists s E S such that c(v) = A(s), and therefore c(v) E A(a). D 
Notice that, by Lemma 6.3.1, part (iv) , A(a) does not depend on f. 
Lemma 6.3.2. Let (V, A, 1) be an accumulation phylogeny on X, and let a and a-
be the induced accumulation maps on X and V respectively. Let 1) = (V, A). 
(1) For any u, v E V, the following conditions are satisfied: 
(i) u #- v {::} a(u) #- a-(v); 
(ii)u<Dv {::} a(u)Ca(v); 
(iii) u ~D v {::} a( u) ~ a( v ). 
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(2) For any v E VI 
a(v) ~ n a(x). 
xEc(v) 
(3) Given v E VI 
n a(x) ~ a(v) {::} (c(v) ~ C(u) =? u ~v v). 
xEc(v) 
Proof. (l)-(i) Suppose u =1= v. The conditions u <v v and v <v u cannot be satisfied 
simultaneously. Assuming that u <v v does not hold, it follows that u =1= p and any 
arc ending in u does not lie on a path from p to v. Let a be such an arc with 
f(a) =1= 0. Then f(a) ~ a(u) - a(v), hence a(u) =1= a(v). 
(l)-(ii) Assume that u <v v and let s E a(u). Then either s E f(p) or s E f(a) 
for some arc a in a path from p to u. In the former case s E a( v) and in the latter a 
is an arc of a path from p to v. It follows from Part l(i) that the inclusion is strict. 
Conversely, suppose that a(u) c a(v). If u = p, then u <v v. Assume now that 
u E V - {p}. According to (P2) there exists s in S such that s E f (a) for some 
arc a ending in u. Therefore s E a(u), and hence s E a(v). From (PI) it follows 
that s E f ( b) entails b = a. Since s E a( v), there is a path from p to v containing 
a. Consequently, u <v v. 
(l)-(iii) This follows from parts l(i) and l(ii). 
(2) Let x E c(v). Since v ~v x, we have a(v) ~ a(x). Consequently, a(v) ~ 
nXEc(V)a(x). 
(3) Let v E V and suppose that nXEC(V)a(x) ~ a(v). Let u be a vertex of V with 
c( v) ~ c( u). It follows that 
a(u) ~ n a(x) ~ n a(x) ~ a(v), 
xEc(u) XEC(V) 
and so by part l-(iii) of this lemma, u ~v v. 
Conversely, let v E V and suppose that c( v) ~ c( u) entails u ~v v. Let s E 
nXEc(V)a(x). If s E f(p) then s E a(v). Otherwise, s E f(a) for some arc a = (w, u). 
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For any x E c( V) there is at least one path from p to x, containing a. It follows that 
c(v) ~ c(u), and thus u :;'V v. Therefore, s E a(v). D 
Given a rooted digraph (V, A) and any vertex v of V let end( v) be the set 
end(v) := { {p}, if v = p; 
{(u,v): (u,v) E A}, otherwise; 
and for any function f : A U {p} -+ 28 let 
f(end(v)) := {s E S: s E f(a) for some a E end(v)}. 
Lemma 6.3.3. Let (V, A, f) be an accumulation phylogeny on X, and let a be the 
associated accumulation map on V. For all vertices v of V, 
f(end(v)) = a(v) - U a(u). 
(u,v)EA 
Proof. Let v E V. If v = p then f(end(v)) = f(p) = a(p) and there is no arc (u,v) 
in A. If v =I=- p, then 
a(v) = ( U a(u)) U f(end(v)) 
(u,V)EA 
and the two sets in the union are disjoint. The lemma now follows. D 
6.4 Regular hybrid phylogenies 
For accumulation phylogenies for which the underlying digraph D is regular, the 
induced map 0; suffices (along with D) to reconstruct the sets a(v) and f(end(v)) 
for every vertex v of V, as we now show. 
Proposition 6.4.1. Suppose D = (V, A) is a regular hybrid phylogeny, and that 0; 
is an accumulation map induced by (V, A, f). Then for any v E V, 
(i) 
o;(v) = n o;(x), 
xEc(v) 
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(ii) 
f(end(v)) = n a(x) - u n a(x). 
xEc(v) (u,V)EAxEC(U) 
Proof. (i) We have a(v) ~ nXEC(V) a(x), by Lemma 6.3.2(2). The reverse inclusion 
follows from Lemma 6.3.2(3), since if (V, A) is regular then for u, v E V we have 
c(v) ~ c(u) entails u ~1J V. 
(ii) By Lemma 6.3.3 we may identify f(end(v)) with a(v) - U(u,V)EA a(u). By 
Part (i) of Proposition 6.4.1 we have a(v) = nXEC(V) a(x) and a(u) = nXEC(U) a(x) 
from which Part (ii) now follows. 0 
6.5 Representations of accumulation maps on X 
Our first main theorem considers the existence and uniqueness of representations 
of an arbitrary map a by an accumulation phylogeny. The existence question has 
a fairly straightforward solution, but the uniqueness question is more interesting, 
because as Figure 6.1 showed, a does not, in general, uniquely determine the under-
lying hybrid phylogeny (V, A). However the following result shows that if we restrict 
attention to regular hybrid phylogenies then one can uniquely recover (V, A) (along 
with the sets f(end(v))) from a. 
Theorem 6.5.1. Let S be an arbitrary set, X a finite non-empty set, and a a map 
from X to 28 with S = UXEX a( x). Then, a is the accumulation map induced by at 
least one accumulation phylogeny if and only if 
a(x) - U a(y) =1= 0, for all x EX. (6.1) 
yEX:y#x 
Moreover, when this holds, there is a unique regular hybrid phylogeny (V, A) on 
X such that a is the accumulation map induced by (V, A, f) for at least one choice of 
a map f. Although f is not necessarily uniquely determined by a the sets f (end( v)), 
v E V are uniquely determined by a. 
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Proof. If a is the accumulation map on X for an accumulation phylogeny (V, A, f) 
then inequality (6.1) follows from the property (P2). 
Assume now that (6.1) holds. For each s E S, let A(s) = {x EX: s E a(x)} 
and let x E X. It follows that A(s) = {x} for each s E a(x) - Uyfxa(y). Let 
C = {A(s) : s E S} U {X} and let 1) = (V, A) be the cover digraph of C. Note that 
1) is a regular hybrid phylogeny. Then define a : V -t 28 , by setting 
a(v) = n a(x), 
XEc(v) 
and for each v E V, let 
Sv = a(v) - U a(u). 
(u,v)EA 
It suffices to construct a map f from A U {p} to 28 such that f ( end( v)) = Sv for 
each v E V. To this end, for each v E V - {p}, let 
gv : Sv -t end(v) 
be an arbitrary function. Now define f : Au {p} -t 28 , by setting f(p) = a(p), 
and f((u,v)) = {s : gv(s) = (u,v)}. Clearly, (V,A,f) is an accumulation phy-
logeny on X and a is its induced accumulation map; furthermore a = alX. This 
establishes the first part of Theorem 6.5.1. The uniqueness of (V, A) follows from 
Lemma 6.3.1(iv) since we are assuming (V, A) is regular, and so it is determined by 
{c(v) : v E V}. The uniqueness of f(end(v)) follows from Proposition 6.4.1(ii). D 
Remarks 
1. Referring to Theorem 6.5.1, since (V, A) is uniquely determined by a, so are 
the numbers d- ( v ). There are then exactly 
ways to define the map f : A U {p} -t 28 . Consequently, f (and thereby the 
accumulation phylogeny (V, A, f)) is uniquely determined by a if and only if 
(V, A) is a tree. 
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2. Note that the unique regular hybrid phylogeny (V, A) that furnishes a rep-
resentation of a can be reconstructed from a by an algorithm that runs in 
polynomial time (in IXI). Similarly, constructing a function f such that a is 
the accumulation map for (V, A, f) is computationally easy. 
6.6 Recognizing trees 
Accumulation maps that are induced by rooted phylogenetic trees give rise to a 
particular numerical and set-theoretic property. In this section we show how the 
set-theoretic (but not the numerical) property characterizes when the underlying 
digraph in an accumulation phylogeny is a rooted phylogenetic tree. We begin with 
some terminology. 
For any map a : X ----+ 28 define 
by D,Ax, y) = a(x) n a(y). 
Recall that an ultrametric on X is any symmetric function d : X x X ----+ R that 
satisfies the following two properties: 
• d(x, x) = 0 for all x E X, and 
• for any three distinct elements x, y, z EX, d(x, y) :s; max{ d(x, z), d(y, z)}. 
An example of an ultrametric on X is provided by any rooted phylogenetic tree T on 
X together with any function h from the vertices of T into the set of real numbers 
that is increasing along any path from a leaf to the root and setting d(x, y) = 
h(mrca(x,y)) for all distinct pairs X,y (and setting d(x, x) = 0 for all x E X). In 
this case we say that T provides a representation of d. It is a classic result that for 
any ultrametric d there is a unique rooted phylogenetic tree on X that provides a 
representation of d (see ego [48]). 
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If 1) is a phylogenetic tree then it is easy to recover 1) from any induced accu-
mulation map on X by virtue of the following result. 
Proposition 6.6.1. Suppose that ex is an accumulation map on X induced by a 
rooted phylogenetic tree T. Define do: : X x X ~ R by setting 
if x = y; 
otherwise. 
Then do: is an ultrametric on X and T is the (unique) rooted phylogenetic tree on 
X that provides a representation of do:. 
A natural question at this point is whether the converse of Proposition 6.6.1 
holds - that is, if do: is an ultrametric for an accumulation map ex induced by a 
hybrid phylogeny 1) does this imply that 1) is a rooted phylogenetic tree? The 
following example shows that the answer is no. 
Example. Let X = {I, 2, 3} and consider the cover digraph 1) of the following sub-
sets: {I}, {2}, {3}, {I, 2}, {I, 3}, {2, 3}, {I, 2, 3}; this digraph is shown in Figure 6.2. 
For the associated function f take S = A and assign the singleton set {a} to each 
arc a of 1). Then do: is an ultrametric yet 1) is not a rooted phylogenetic tree. 
1 2 3 
Figure 6.2: 
This example shows that it is impossible to distinguish between a tree and a 
non-tree hybrid phylogeny solely on the basis of the number of elements of S that 
each pair of elements x and y differ on. This raises a further question of whether it 
is possible to recognize when the underlying digraph is a tree if one uses more of the 
structure of the set system {Do: (x, y) : x, y EX, x i= y} than just the cardinality of 
these sets. 
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To this end we say that DIY. satisfies the set-ultrametric property if for any 
three distinct elements x, y, z E X, two of the sets DIY. (x, V), DIY.(y, z) and DIY.(x, z) 
are equal. 
If in addition, the two equal sets are always contained (resp. strictly contained) 
in the third we say that DIY. has the nested (respectively strictly-nested) set-
ultrametric property. 
We are now ready to state our second main result. 
Theorem 6.6.2. Let ex be the accumulation map on X induced by a regular hybrid 
phylogeny V = (V, A). 
(1) The following are equivalent: 
(i) V = (V, A) is a rooted phylogenetic tree! 
(ii) DIY. has the set-ultrametric property! 
(iii) DIY. has the nested set-ultrametric property. 
(2) V = (V, A) is a rooted binary phylogenetic tree if and only if DIY. has the 
strictly-nested set-ultra metric property. 
Proof. (1) We first show that (i) implies (iii). Assume that V is a rooted phylo-
genetic tree on X and let x, y, z EX. On the one hand, for any vertices u and v 
of V, a(u) n a(v) = a(mrca(u, v)), where mrca(u, v) denotes the most recent com-
mon ancestor of u and v in V. On the other hand, two of the vertices mrca(x, V), 
mrca(y, z), and mrca(z, x) are equal. We may assume that mrca(x, y) = mrca(y, z). 
In this case, mrca(x, y) s'v mrca(x, z), and hence a(mrca(x, V)) = a(mrca(y, z)) ~ 
a(mrca(x, z)). Therefore, since DIY. (Xl , X2) = a(mrca(xl' X2)), for any pair Xl, x2 E 
X we have VIY.(x, y) = VIY.(y, z) ~ VIY.(x, z). 
Condition (iii) clearly implies condition (ii). We now show that (ii) implies (i) 
- or equivalently, that the negation of (i) implies the negation of (ii). Thus let us 
assume that V is not a tree, then there exists a vertex v with d- (v) :2:: 2. Let Ul and 
U2 be two vertices such that (Ul, v) E A, (U2, v) E A and Ul =I- U2 (Figure 6.3). Since 
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x z y 
Figure 6.3: 
V is regular there is no path from UI to U2 or from U2 to UI. Consequently, neither 
of the inclusions c( UI) ~ c( U2) and c( U2) ~ c( UI) hold, so there exist two leaves x 
and y with x E C(UI) - C(U2) and y E C(U2) - C(UI). Let z E c(v). 
The hybrid V is regular, so UI =J. p =J. U2, and hence, d-(UI) =J. 0 =J. d-(U2). 
For each i E {1,2} let ai be an arc ending in Ui with f(ai) =J. 0. Then, f(al) ~ 
a(x) n a(z), f(a2) ~ a(y) n a(z), f(al) n a(y) = 0 = f(a2) n a(x). Therefore, the 
sets Va (x, y), Va (y, z), and Va (x, z) are mutually distinct, which contradicts the 
set-ultrametric property. 
(2) If, in addition, V is binary and x, y, z EX· are mutually distinct, then 
mrca(x, y) =J. mrca(x, z), hence the containment is strict. Conversely, assume that 
the strictly-nested set-ultrametric property is satisfied. According to (i), V = (V, A) 
is a tree. If V is not binary one can find the vertices u, VI, V2, V3 such that (u, Vi) E A, 
1 :s; i :s; 3. If Xi E C(Vi), then Da(XI, X2) = Da(X2, X3) = Da(X3, Xl) = a(u), which is 
contradictory to the strictly-nested set-ultrametric property. 0 
Let M be an arbitrary set. The map 5 from X x X into M is said to be an 
symbolic ultrametric (on X) if each of the following conditions are satisfied: 
(Ul) 5(i,j) = 5(j,i), for all i,j E Xi 
(U2) 1{5(i,j),5(i,k),5(j,k)}l:s; 2, for all i,j,k E Xi 
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(U3) there are no pairwise distinct elements i, j, k, and l of X with 
8(i, j) = 8(j, k) = 8(k, l) =I- 8(j, l) = 8(l, i) = 8(i, k). 
Any ultrametric on X is a symbolic ultrametric on X. 
It is easily seen that, for any map a : X -t 28 , the associated function Do: 
satisfies condition (U1) and, by the following lemma, condition (U3). 
Lemma 6.6.3. There are no mutually distinct sets AI) A 2 ) As) and A4 such that 
Proof. Suppose there exist pairwise distinct sets Ai, i E {I, ... , 4} that satisfy 
relation 6.2. Then we obtain that: 
a contradiction. o 
Thus Do: is a symbolic ultrametric on X if and only if Do: satisfies condition 
(U2). For example, if a is the accumulation map induced by a rooted phylogenetic 
tree then Do: is a symbolic ultrametric on X. 
From the above considerations, it follows that Theorem 6.6.2 can also be proved 
using the main theorem of [10] (see also [48]) on the representation of symbolic 
ultrametrics by discriminating maps on rooted phylogenetic trees (together with 
Theorem 6.5.1). 
We end this section with some remarks regarding further investigation on the 
model of accumulation phylogenies. It would be interesting to investigate variations 
on the model described - either by weakening one (or both) of the properties (P 1) 
or (P2), or by allowing elements of S to be 'lost'. We describe briefly this last 
variation. Rather than requiring, for each arc a = (u, v) E A that 
a(v) = a(u) U j(a) 
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we may weaken this to require merely that 
a(v) = B U j(a) 
where B ~ a( u) to thereby model the situation where elements of S become lost 
over time. In this model we maintain (PI) and (P2) but allow some flexibility in the 
definition of a. As might be expected, one can say much less about the underlying 
hybrid phylogeny (V, A) from the induced accumulation map a = alX. However 
a does still convey some phylogenetic information - for example, suppose we know 
that D = (V, A) is a tree. Then if, for some subset Y of X - {x}, we have 
then this places a constraint on D - namely, the most recent common ancestor of 
the species in Y must also be an ancestor of x. 
) 
\ 
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